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Abstract

We show how to detect and correct for nonlinear phase
shifts in a mainly one-sidedinterferogramof an emission-
line source.We simultaneouslydetectandcorrectfor anout-
of-phaseemissionbackgroundfrom the spectrometer. The
methodrequirestwo auxiliaryspectra,oneof astrongcontin-
uumsource,andoneof anemission-linesourcewith little or
nocontinuum.
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1. Introduction

Phasedeterminationfor an ideal interferometeramountsto
finding the positionof zeropathdifference(ZPD) for each
spectralelementin a recordedinterferogram. In this case,
the interferogram, �F

�
x��� , of a single unresolved spectral

line centeredat wavelengthλ0 � 1� σ0 is given by �F
�
x� � �

acos2πσ0
�
x��� x� , wherex is thepositionof ZPDandx� is the

retardationof the retroreflectorin the long arm of the inter-
ferometer. The instantaneousoptical pathdifference(OPD)
is givenby x��� x. In theidealcasein whichaninterferogram
samplepoint fallspreciselyon thepeakof theinterferogram,
we have x � 0, but in generalx 	� 0. Thetransformof a one-
sidedinterferogramgives

F
�
σ � � 1

L


 L

0
�F
�
x� � exp

�
i2πσx� � dx�

� aexp
�
i2πσ0x�
2 � sinα

α � i

�
1 � cosα �

α 
�� (1)

whereL is the lengthof thescan,α � 2π
�
σ � σ0 � L, andwe

have droppedtermscontaining
�
σ � σ0 � . The transformof

a mostlyone-sidedinterferogram(in which the integral lim-
its are � L1 to � L2, L1 � L2, anda taperingfunction is ap-
plied between� L1 and � L1 to avoid doublecountingof the
two-sidedpart of �F) is similar, but it differs in detailsthat
arenot importanthere. In eithercase,oncewe have deter-
minedx, we recover the spectrumby taking the real part of
F

�
σ � exp

� � i2πσ0x� . Thetransformof a two-sidedinterfero-
gram(in which themirror scansfrom � L to L) for thesame
unresolvedline is simplyaexp

�
i2πσ0x� sinα � 2α.

The phaseof transformF
�
σ � in Eq. (1) is given by a

slowly varying term (2πσ0x), plus a rapidly varying term,
tan� 1 � � 1 � cosα ��� sinα� , which is only significant near a
spectralline. We have foundthat,for our interferometer, the

slowly varying term is not well modeledby linear function
2πσx. In Sections3–5wepresenta methodfor detectingand
correctingfor a small nonlinearphaseshift. We simultane-
ously detectandcorrectfor an out-of-phaseemissionback-
groundfrom thespectrometer.

Equation(1) illustratesa crucial elementof our phase-
recovery method,line symmetrizing,which is discussedin
Section4. Phasefactor2πσ0x in Eq.(1) is notknown apriori
but mustbeestimated.If theestimatedphaseequals2πσ0x,
thentherealpartof Eq. (1) givesa symmetricline, from the
sinα � α term. If the estimatedphaseis 2πσ0x � π � 2, then
therealpartof Eq. (1) givesanantisymmetricline, from the�
1 � cosα ��� α term. In practice,it is straightforwardfor usto

selecttheoptimumphasefactorthatsymmetrizestherealpart
of a complex spectralline by multiplying the region around
theline by aseriesof equispacedphasefactorsandby testing
therealpartof eachresultfor symmetry.

2. Instrument description

The far-infrared spectrometer(FIRS-2) was designedand
built at the SmithsonianAstrophysicalObservatory for the
purposeof measuringstratosphericemissionspectrafrom
balloon and aircraft platforms. The spectrometerproduces
mostlyone-sidedinterferograms,whichmustbetransformed
and accuratelyphasecorrectedbefore the spectracan be
usedto retrieve constituentprofiles. The FIRS-2anddata-
reductionprocedurearedescribedin detailelsewhere;1 � 2 our
phase-recoverymethodis summarizedelsewhere2 but is fully
discussedhere.A brief descriptionof theinstrumentascon-
figuredfor balloonflights follows.

The flight instrumentconsistsof a limb-scanningtele-
scope, the interferometer, detectors,and associatedcon-
trol electronics. The telescopeis a small off-axis reflector
that is pointed in elevation relative to a single-axisstabi-
lizedplatform.3 � 4 Theinterferometeruseshollow corner-cube
retroreflectorsanda11-µmuncoatedMylar beamsplitter, and
it scansoverOPD'sfrom � L1 to � L2, whereL1 � 1 � 2 cmand
L2 � 120cm. We usetwo liquid-helium-cooleddetectors,a
gallium-dopedgermaniumphotoconductorfor thebandfrom
75 to 220 cm� 1 and a copper-dopedgermaniumphotocon-
ductorfor thebandfrom 330to 700cm� 1. Thefield of view
is definedby field stopsnearthedetectors.

During a balloonflight we recordinterferogramsfor a se-
quenceof elevationangles,repeatingthe sequencethrough-
outtheflight. Wefirst observeanambient-temperatureblack-
bodysourceatanelevationangleof 90� , followedby aspace
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view at 30� , andthenwe observe the limb at elevation an-
gles of 0 � 0� , � 2 � 3� , � 3 � 0� , � 3 � 6� , � 4 � 2� , and � 4 � 6� . A
completesequencetakes approximately2700 s. We show
small segmentsof sampleflight spectrafor 90� , 30� , and� 4 � 17� in Fig.1, recordedataballoonaltitudeof 36km. The
spectrahave beenphasecorrectedby usingthemethodout-
lined below, but they have not beencalibratedin intensityor
wavenumber. Notethepresenceof asubstantialout-of-phase
(negative) instrumentalbackgroundin the30� spectrum.The
phase-recoverymethoddiscussedhereis not affectedby this
background,which is laterdetectedandcorrectedfor.

3. Model description

We assumethat the measuredblackbodyspectrum,M90
�
σ � ,

canbemodeledas

M90
�
σ � ��� B �

σ � � E
�
σ � exp � iφ �

σ ������ exp� i � 2πσx90 � ε
�
σ ����� � (2)

whereB
�
σ � is theproductof theinstrumentalresponsefunc-

tion anda blackbodyspectrum,E
�
σ � exp � iφ �

σ � � is the com-
plex backgroundspectrum,5 x90 is the position of ZPD in
theblackbodyinterferogram,andε

�
σ � is thenonlinearphase

shift.
Similarly, we modelthemeasuredspaceandlimb spectra

as

M30
�
σ � ��� S30

�
σ � � E

�
σ � exp � iφ �

σ ������ exp� i � 2πσx30 � ε
�
σ ����� � (3)

Mθ
�
σ � ��� Sθ

�
σ � � E

�
σ � exp � iφ �

σ ������ exp� i � 2πσxθ � ε
�
σ ����� � (4)

where S30 and Sθ are the phase-correctedspaceand limb
spectraand x30 and xθ are the positionsof ZPD in the re-
spective interferograms.

In this notation, the M90� 30� θ �
σ � functions are complex

spectrathat we obtain by applying a fast Fourier trans-
form to an observed and windowed interferogram,where
the window function is typically a weight running lin-
early from 0 to 1 between � L1 and � L1 and a constant
weight of 1 between � L1 and � L2. Also in this nota-
tion, the functionson the right-handsidesof Eqs. (2)–(4)
[B

�
σ � , S30� θ �

σ � , E
�
σ � , φ

�
σ � , ε

�
σ � , and x90� 30� θ] are all to Fig. 1. FIRS-2spectrarecordedataballoonaltitudeof 36 km.

Verticalscale(arbitraryunits) is thesamefor eachgraph.Theele-
vation anglesareindicated;at 90! the telescopeviews a reference
blackbody.

beextractedfrom theM
�
σ � dataandthereforeincludea ran-

dom noisecomponent.The recoveredspectra,B andS30� θ,
arephasecorrectedbut mustbecalibratedby wave number2

andintensity2 � 5 (seealsoSection5).
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Fromtypicalballoonaltitudes,spacespectrumS30 consists
of a few narrow emissionlineswith no continuumemission,
limb spectraSθ containmany linessuperposedon a substan-
tial continuum,andblackbodyspectrumB consistsof con-
tinuum alone. We assumethat the backgroundspectrum,
E

�
σ � exp � iφ �

σ ��� , is constantfor the durationof an observa-
tion sequence,andthatε

�
σ � is constantfor any givenballoon

flight. As we show in Section4, ε doesindeedseemto be
constantwith respectto time.

4. Estimate of nonlinear phase

As we mentionedin Section2, eachinterferogramconsists
of a low-resolutiontwo-sidedpart (maximumOPDrangeof� L1 � � 1 � 2 cm) anda high-resolutionone-sidedpart(max-
imum OPD of L2 � � 120 cm). Both the low- and high-
resolutioninterferogramsareusedin thestepsthatfollow; we
usem to representthe transformof the low-resolutiontwo-
sidedinterferogram,andM to representthe high-resolution
transform.Thebasicprocedureis for usto estimatex30 by us-
ing high-resolutionspectrumM30, estimatex90 by usinglow-
resolutionspectrumm90, andthenestimateε

�
σ � by calculat-

ing thephaseof thedifferencem90 � m30 at low resolution.In
the following step-by-stepprocedurewe have omittedsome
details(taperingfunctionsusedfor low- andhigh-resolution
transforms,zeropadding,andthe like) for brevity andclar-
ity; further detailsregardingour routine implementationof
thefastFouriertransformarepresentedin Ref.2.

Ourmethoddiffersfrom onepreviouslydescribedin Ref.6
in that it requirestwo auxiliary spectrabut works for al-
mosttotally one-sidedinterferograms.The radiometriccal-
ibration methoddescribedin Ref. 5 calibratesand phase-
correctsspectrain a single step,but it requiressaving the
complex transformsof hot andcold calibrationspectra.Nei-
ther methodis capableof determiningphasefactor 2πσ0x
whenthe two-sidedtransformis dominatedby the complex
background,E

�
σ � .

Step1. To begin, we examinethenominal(theoreticalor
experimental)spectrato beanalyzedandselecta largenum-
ber(40–60)of spectrallinesthatwe anticipateshouldbein-
trinsically symmetricwith respectto reflectionabout their
centralwave numbers.For eachline in this group,estimatea
valueof x30 by symmetrizingthe line in the full-resolution
30� spectrum. As we can seeby examining Eq. (1), we
can determinethe phase(modulo π) for a spectralline at
σi by finding phaseβi for which M30exp

� � iβi � is symmet-
ric nearthe line center. We calculatex̄30 by fitting function
β
�
σ � � 2πσx̄30 to thederivedsetof

�
σi � βi � values.Theresid-

ualsfrom thefit area combinationof theerror in estimating
βi andthenonlinearphasetermε

�
σi � . In practice,theuncer-

tainty in βi is too large to geta goodestimateof ε
�
σi � from

theresiduals.

Step2. Calculatem�30, the low-resolutionspacespectrum
with thelinearphaseremoved:

m30
�
σ � exp

� � i2πσx̄30� � � S30 � Eexp
�
iφ ��� exp

�
iε � �

(5)� m�30 � (6)

Step3. Estimatex90 by calculatingthe phasefrom the
transformof the short two-sidedpart of the blackbodyin-
terferogram.We calculatephaseβi at eachpoint in regions
whereB

�
σ �#" E

�
σ � , andagainwefit a linearfunctionto the

setof
�
σi � βi � to derive x̄90. Theresidualsfrom this fit would

give a goodestimateof ε
�
σ � , but only in regionswherethe

backgroundis small.
Step4. Calculatem�90, the blackbodyspectrumwith the

linearphaseremoved:

m90
�
σ � exp

� � i2πσx̄90� � � B � Eexp
�
iφ ��� exp

�
iε � �

(7)� m�90 � (8)

Step5. Calculatethenonlinearphase,ε
�
σ � :

m�90 � m�30 � � B � Eexp
�
iφ � � exp

�
iε �$�� S30 � Eexp

�
iφ ��� exp

�
iε � � (9)� �

B � S30� exp
�
iε � � (10)

ε
�
σ � � tan� 1 � ℑ

�
m�90 � m�30�

ℜ
�
m�90 � m�30�%
 � (11)

Step6. Repeattheprocessfor anumberof pairsof M90 and
M30, averagetheresults,andsmooththeaverageto produce
thefinal estimatednonlinearphaseterm,ε̄

�
σ � .

In Fig. 2 weshow ε̄
�
σ � for two setsof measurementsmade

severalyearsapartthatusedifferentbeamsplitters. Thees-
timatedphaseis unreliablenearminimain thebeam-splitter
efficiency functionbecausein theseregionsB � E anddiffer-
encem�90 � m�30 is dominatedby noise.Outsidetheseregions
thetwo phaseestimatesarein excellentagreement,indicating
thatε

�
σ � is constantin timeandindependentof beam-splitter

thickness.A discussionof thepossiblephysicalorigin of the
nonlinearterm,ε

�
σ � , is foundin Ref.5.

5. Background estimate and normalization

Step7. Estimatethe background,Eexp
�
iφ � , by clipping

lines from the high-resolutionphase-correctedspectrum,

3



Fig. 2. Nonlinearphaseterm ε̄ estimatedfor two differentMy-
lar beamsplitters. The data from 75 to 220 cm& 1 are from the
far-infrareddetector, anddatafrom 330 to 700 cm& 1 arefrom the
midinfrareddetector.

M �30exp
� � iε̄ � , andsmoothingtheresult,asfollows. First re-

move nonlinearphaseε̄
�
σ � from the high-resolutionspace

spectrum,M �30:

M �30exp
� � iε̄ � ��� � S30 � Eexp

�
iφ � � exp

�
iε ���� exp

� � iε̄ � � (12)� S30 � Eexp
�
iφ ��� (13)

Theneffectively subtractS30 by clipping the sharpspectral
linesfrom theresult:

M �30exp
� � iε̄ �$� S30 � Eexp

�
iφ � � (14)� M � �30 � (15)

Clipping lines is equivalent to subtractingS30 becausethe
continuumemissionin thespaceview is negligible. Theclip-
ping is accomplishednumericallywheneachapparentsharp
spectralline (aboveapresetnoisethreshold)is replacedwith
a straight-linesegmentthat bridgesthe adjacentspectralre-
gions.

Step8. Calculatetheestimatedlimb spectrum,Sθ
�
σ � , for

the remainingelevation anglesby estimatingx̄θ as for x̄30,
phasecorrecting,andsubtractingthebackgroundasfollows:

Mθ exp
� � iε̄ � exp

� � i2πσx̄θ �$� M � �30� � Sθ � Eexp
�
iφ ��� exp � i � 2πσxθ � ε � �� exp

� � iε̄ � exp
� � i2πσx̄θ �$� Eexp

�
iφ � � (16)� Sθ

�
σ ��� (17)

Step9. Calculatetheobservedresponse,B
�
σ � , to theblack-

bodysource:

M �90exp
� � iε̄ �$� M � �30 � B

�
σ ��� (18)

Step10. Calculatethe intensity-calibratedlimb spectra,
Scal

θ
�
σ � , from thederivedSθ

�
σ � andB

�
σ � :

Scal
θ

�
σ � � Sθ

�
σ � P �

Tbb � σ �
B
�
σ � P �

277K � σ �'� (19)

whereP
�
T � σ � is thePlanckfunction,Tbb is themeasuredtem-

peratureof the referenceblackbodysource,and277 K is a
standardreferencetemperature,chosenfor conventionin our
data-analysisprocedure.ResultingspectraScal

θ
�
σ � aredimen-

sionlessandindependentof theinstrumentspectralresponse,
which is convenientfor plotting andvisualization. We can
easilyrecover spectrain physicalunits (erg cm� 2 s� 1 st� 1)
by multiplying by P

�
277K � σ � .

6. Results

We judge the successor failure of the phasedetermination
by comparingmeasuredandcalculatedemission-linespectra
andlooking for systematicdifferences.As we mentionedin
Section4, the scatterin estimatedphaseβi is too large for
us to beableto judgetheeffect of thenonlinearphaseterm
on singlespectra.In coaddedspectra,however, theimprove-
mentis considerablein regionswhereε

�
σ � is large,particu-

larly in the region 560–610cm� 1, wherethenonlinearterm
is as large as 15� . This region is usedfor fitting CO2 and
N2Oin FIRS-2spectra,andcorrectingfor thenonlinearphase
termeliminatesasystematicdifferencebetweenobservedand
calculatedline shapesin this region. Spectrathathave been
phasecorrectedby theuseof themethodoutlinedin this pa-
perhaveemission-lineprofilesthatarevisibly moresymmet-
ric thanresultsfrom the assumptionof a linear phasefunc-
tion, asshown in Fig. 3, andthey area muchbettermatchto
calculatedspectra.Failing to correctfor thenonlinearphase
term not only resultsin a shift in the line positionbut also
produceshighly asymmetricline wings.

7. Conclusion

We describea method for phase-correctingand calibrat-
ing emission spectra from mostly one-sided interfero-
grams. The method, developed for the FIRS-2, is ef-
fective in the presenceof an out-of-phasebackground.
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Fig. 3. Portionof a flight spectrumthat shows the effect of
ignoring the nonlinearphaseterm, ε̄. The uppercurve was pro-
ducedwith the phase-recovery methodoutlined in this paper;the
thick curve indicatesacalculatedspectrumfor thesameregion. The
lower curve shows theresultafterwe assumethat ε̄ ( 0. Thebase-
linesfor theuppercurve andcalculatedspectrumhave beenshifted
by 0.12for clarity.

Thealgorithmis in routineuseto reduceFIRS-2spectra,and
it hasbeenusedfor severalyearsnow with goodsuccess.

ACKNOWLEDGMENTS

We gratefullyacknowledgesupportfrom NASA's UpperAt-
mosphereResearchProgramin theform of grantNSG5175.

1 ) W. A. Traub,K. V. Chance,D. G. Johnson,andK. W. Jucks,
“Stratosphericspectroscopy with the far-infrared spectrometer
(FIRS-2): Overview andrecentresults,” Proc.Soc.Photo-Opt.
Instrum.Eng.1491, 298-307(1991).

2 ) D. G. Johnson,K. W. Jucks,W. A. Traub,andK. V. Chance,
“Smithsonianstratosphericfar-infrared spectrometerand data
reductionsystem,” J.Geophys.Res.100, 3091-3106(1995).

3 ) L. M. Coyle,G.Aurilio, G.U. Nystrom,J.Bortz,B. G.Nagy, K.
V. Chance,andW. A. Traub,“Designof a single-axisplatform
for balloon-borneremotesensing,” Rev. Sci. Instrum.57, 2512-
2518(1986).

4 ) W. A. Traub,K. V. Chance,andL. M. Coyle, “Performanceof
a single-axisplatform for balloon-borneremotesensing,” Rev.
Sci. Instrum.57, 2519-2522(1986).

5 ) H. E. Revercomb,H. Buijs, H. B. Howell, D. D. LaPorte,W.
L. Smith,andL. A. Sromovsky, “Radiometriccalibrationof IR
Fouriertransformspectrometers:Solutionto aproblemwith the
High-ResolutionInterferometerSounder,” Appl. Opt. 27, 3210-
3218(1988).

6 ) R. C. M. Learner, A. P. Thorne,I. Wynne-Jones,J. W. Brault,
andM. C. Abrams,“Phasecorrectionof emissionline Fourier
transformspectra,” J.Opt.Soc.Am. A 12, 2165-2171(1995).

5


