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Outline

(0) Dissipative generation of a 3-body hardcore interaction

(1) Phase diagram for 3-body hardcore bosons

A. Kantian, M. Dalmonte, SD, W. Hofstetter, P. Zoller, A. J. Daley, arXiv:0908.3235 (2009)

(2) Atomic colour superßuid of 3-component fermions

A. J. Daley, J. Taylor, SD, M. Baranov, P. Zoller, Phys. Rev. Lett. 102, 040402 (2009)

SD, M. Baranov, A. J. Daley, P. Zoller, arxiv:0910.1859 (2009); in preparation

¥ Mechanism and experimental perspectives

¥ Unique effects of interactions and the constraint 

¥ Prime candidate for applications of dissipatively generated constraints
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Motivation

¥ 3-body loss processes (-)

¥ ubiquitous, but typically undesirable
¥ inelastic 3 atom collision
¥ molecule + atom ejected from lattice

¥ 3-body interactions (+) 

¥ Stabilize bosonic system with attractive interactions

¥ 3-component fermion system: Stabilize atomic color superßuidity

¥ Generate PfafÞan-like states [Munich, M. Roncaglia et al., arXiv:0905.1247 (2009)]

! We make use of strong 3-body loss to generate a 3-body 

hard-core constraint

i! 3 ! ! 3
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3-body interactions via 3-body loss
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Basic Mechanism: Interactions via Loss

¥ Model: Bosons on the optical lattice with three-body recombination 

¥ Hamiltonian:  

¥ Three-body recombination: loss from lattice to continuum of unbound states

¥ Modeled by Master Equation

H = ! J !
"i, j#

öb 
i
öbj +

U
2 !

i
öni( öni ! 1)

three-body loss rate

dissipative dynamicsunitary dynamics
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Hef f = H ! i
! 3

12 "
i

(b̂†
i )3b̂3

i
 =

J

Jup to double 
occupancy

triple and higher 
occupancy

J, U

J, U,

! 3 ! U,J!  Consider the limit 

i! 3

Basic Mechanism: Interactions via Loss

¥ Rewrite the Master Equation as 
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Basic Mechanism II: Interactions via Loss
¥ Second order Perturbation Theory on Master Equation:
!  DeÞne projector P onto subspace with at most 2 atoms per site (Q=1-P)
¥ Study behavior of the effective Hamiltonian:

!  Three-body hardcore constraint due to: dynamic suppression of triple onsite 
occupation (analogous Quantum Zeno Effect)

! = 12
J2

"3

!  Realization of a Hubbard-Hamiltonian with three-body hard-core

                         constraint on time scales ! = 1/ "

cj = b2
j !

!k| j"

bk /
#

2

PHP PHQ

QHQQHP

PHP = −J !
〈i, j〉

öb 
i
öbj +

U
2 !

i
öni( öni −1) & b 

i
3 ≡ 0

!  Small decay constant in P subspace: 

¥ The leading real part: 

¥ The perturbative imaginary part: 
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Physical Realization in Cold Atomic Gases

¥Estimate loss rate for Cesium close to a zero crossing of the scattering length 
(e.g. Naegerl et al.)

¥ Preparation of the ground state of PHP: 

¥ Nonequilibrium problem: role of residual heating effects

¥Approach: Exact numerical time evolution of full Master Equation in 1D; 

combine DMRG method with stochastic simulation of ME

¥ Find optimal experimental sequence to avoid heating

|U|

J

γ3

lattice depth

!  3-body loss can be made the dominant energy scale
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Ground State Preparation

¥Start from Mott ground state in superlattice 
¥Loss causes heating, inhibits reaching ground state

ÒluckyÓ trajectory ÒunluckyÓ trajectory

!  ÒProbabilisticÓ ground state preparation

Ramp: Superlattice, 
V/J=30 to V/J=0, 

N=M=20
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Phase Diagram for Three-Body Hardcore Bosons

microscopic thermodynamic long distance

interactions
interactions
condensatio
n

interactions
condensatio
n
spin waves
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Physics of the projected Hamiltonian

¥ The constrained Bose-Hubbard Hamiltonian stabilizes attractive two-body interactions

¥ Qualitative picture for ground state: Mean Field Theory 

¥ homogenous Gutzwiller Ansatz for projected on-site Hilbert space

¥ Gutzwiller energy

|! ! = "
i

|! ! i |! ! i = f0|0! + f1|1! + f2|2!

E(r! , " ! ) = Ur2
2 ! JZr2

1

!
r2
0 + 2

"
2r2r0cos# + 2r2

2

"

! = " 2 + " 0 ! 2" 1

f! = r! ei" !

PHP = −J !
〈i, j〉

öb 
i
öbj +

U
2 !

i
öni( öni −1) & b 

i
3 ≡ 0

U < 0
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Mean Field Phase Diagram

¥ Phase transition reminiscent of Ising (cf Radzihovsky& !03; Stoof, Sachdev& !03):

! öb" #= 0, ! öb2" #= 0

! öb" = 0, ! öb2" #= 0

〈öb〉 ∼ expi! 〈öb2〉 ∼ exp2i!

!  Spontaneous breaking of Z_2 symmetry                     of the DSF order parameterθ ! θ+π

Uc

Jz
= ! 2

!
1+ n/ 2+ 2

"
n(1! n/ 2)

#
 critical interaction strength:

2

superßuid

dimer superßuid

10
-10

-5

5

0

10

MI

z

¥ Two symmetry breaking patterns occur:

- Conventional SF

- ÒDimer SFÓ
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Beyond Mean Field Physics?

microscopic thermodynamic long 

n =
k3

F

3! 2 ,T
kld! n1/ 3,T1/ 2, ! 1/ 2

M! M = !
1

Ma2

¥The classical Gutzwiller mean Þeld theory leaves open questions on various scales

PHP = −J !
〈i, j〉

öb 
i
öbj +

U
2 !

i
öni( öni −1) & b 

i
3 ≡ 0

¥A quantum Þeld theory can be constructed:

¥ Constrained model can be mapped exactly on coupled boson theory with polynomial interactions. 
The two bosonic degrees of freedom Þnd a natural interpretation in terms of ÒatomsÓ and ÒdimersÓ
¥ This should be seen as a requantization of Gutzwiller mean Þeld theory

¥ The theory is conveniently analyzed in terms of the Effective Action: conventional symmetry 
principles are supplemented with a new constraint principle

! This Hamiltonian contains interesting quantitative and qualitative effects
! Tied to interactions 
! Tied to the constraint

ÒatomsÓ ÒdimersÓ
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The requantized Gutzwiller model

Hkin = ! J !
"i, j#

!
t 
1,i(1! n1,i ! n2,i)(1! n1, j ! n2, j)t1, j +

$
2(t 

2,it1,i(1! n1, j ! n2, j)t1, j + t 
1,i(1! n1,i ! n2,i)t 

1, j t2, j)+2t 
2,it2, j t

 
1, j t1,i

"

Hkin = ! J !
"i, j#

!
t 
1,it1, j +

$
2(t 

2,it1,it1, j + t 
1,it

 
1, j t2, j )

"

¥ Hamiltonian to cubic order is of Feshbach type: 

Hpot = !
i

(U ! 2µ)n2,i ! µn1,i

 detuning from atom level 

 (bilocal) dimer splitting into atoms

 Dimer energy 

 two separate atom"s energy 

¥ quadratic part: 

¥ leading interaction:

         detuning 

here: detuning 

¥ Compare to standard Feshbach models:

∼ 1/ U

! U

  
!  we can expect resonant (strong coupling) phenomenology at weak coupling
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Vacuum Problems

¥ The physics at n=0 and n=2 are closely connected: 
¥ ÒvacuumÓ: no spontaneous symmetry breaking
¥ low lying excitations:

¥ n=0: atoms and dimers on the physical vacuum
¥ n=2: holes and di-holes on the fully packed lattice

n=2

n=0

dimer excitation

di-hole excitation

+G  (K) = -1
d

 = +

¥ Two-body problems can be solved exactly

0 1 2 3 4 5 6
! 4

! 3

! 2

! 1

0

n = 2, d = 2

n = 0, d = 2
n = 0, d = 3
n = 2, d = 3 yellow

 red

green

 blue

Eb/ Jz

! U

¥ Bound state formation:

!  reproduces Schršdinger Equation: benchmark
!  Square root expansion of constraint fails

!  di-hole-bound state formation at Þnite U in 2D

Tuesday, October 20, 2009



ASF - DSF Phase Border

¥ Result:  

Uc

Jz
!

Uc(n = 0)
Jz

"

!
! |Uc(n = 0)|

2Jz"
, " ! 0.53

condensate angle

¥ Understanding: 

(i) low density: coincidence of scales 
!  strong shifts, nonanalytic nonuniversal behavior 

(ii) maximum density: mismatch of scales, di-hole bound state forms prior to atom criticality
!  mean Þeld like behavior

 shifts of the phase border 

 red d=2

 blue d=3

black MFT

- Note: No particle-hole symmetry!

 e.g. d=3: 

¥ Goal: Effects of quantum ßuctuations on phase border 

- dominant ßuctuations: associated to bound state formation

- two scales: bound state formation and atom criticality
0.0 0.5 1.0 1.5 2.0
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- strong shifts only observed for low densities
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Symmetry Enhancement in Strong Coupling

¥ Interpret EFT as a spin 1/2 model in external Þeld:

!  Isotropic Heisenberg model (half Þlling n=1):

¥ Emergent symmetry: SO(3) rotations vs. SO(2) sim U(1)

¥ Bicritical point with Neel vector order parameter

! =
v
2t

= 1¥ Leading (second) order perturbation theory: 

CDW order

xy plane: superßuid order

¥ charge density wave and superßuid exactly degenerate

¥ CDW: Translation symmetry breaking

¥ DSF: Phase symmetry breaking

¥ physically distinct orders can be freely rotated into each other:  

Òcontinuous supersolidÓ

!  The symmetry enhancement is unique to the 3-body hardcore constraint 

with constraint

without constraint

¥ Perturbative limit U >> J: expect dimer hardcore model
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Signatures of  Òcontinuous supersolidÓ

(1) Second collective (pseudo) Goldstone mode 

density proÞle: Onset of CDW DSF order in textured regions

(2) Use weak superlattice to rotate Neel order parameter

(3) Simulation of 1D experiment in a trap (t-DMRG)

¥ Proximity to bicritical point governs physics in strong coupling

! (q) = tz
!
("#q + 1)(1! #q)

"1/ 2

gap

¥ Next (fourth) order perturbation theory: Superßuid preferred

Second (pseudo) Goldstone mode
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Signatures of  Òcontinuous supersolidÓ

(1) Second collective (pseudo) Goldstone mode 

density proÞle: Onset of CDW DSF order in textured regions

(2) Use weak superlattice to rotate Neel order parameter

(3) Simulation of 1D experiment in a trap (t-DMRG)

¥ Proximity to bicritical point governs physics in strong coupling

! (q) = tz
!
("#q + 1)(1! #q)

"1/ 2

gap

¥ Next (fourth) order perturbation theory: Superßuid preferred

Second (pseudo) Goldstone mode
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S[! , " ] = SI[" ] + SG[! ] + Sint[! , " ]

SI[! ] =
Z

" µ!" µ! + m2! 2 + #! 4

pure Ising action

pure Goldstone action

coupling term

!  Interactions persist to arbitrary long wavelength (cf. decoupling SW)

!          : Phase transition is driven Þrst order by coupling of Ising and Goldstone mode

Ising potential landscape: 
Z_2 symmetry breaking

Frey, Balents; Radzihovsky&

Ising Þeld: Real part of atomic Þeld 

Infrared Limit: Nature of the Phase Transition

¥ Perform the continuum limit and integrate out massive modes:

Sint[! , " ] = i#
Z

$%! " 2

! != 0

¥ Two near massless modes: Critical atomic Þeld, dimer Goldstone mode

¥ Coleman-Weinberg phenomenon for coupled real Þelds: Radiatively induced Þrst order PT
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coupling term

Ising Quantum Critical Point around n=1

00

|! |

n
0 1 2

¥ Plot the Ising-Goldstone coupling:

Sint[! , " ] = i#
Z

$%! " 2

!  Second order quantum critical behavior is a lattice + constraint effect

¥ Symmetry argument: 
¥ dimer compressibility must have zero crossing

¥ Ward identies for time-local gauge invariance and atom-dimer phase locking

!    must have zero crossing: true quantum critical Ising transition

decoupling

! !
Z

!x,"
b 

2,i (−g2µ)b2,i

!

¥ Estimate correlation length:  

! weakly Þrst order, broad near critial domain
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3-Body Hardcore 3-Component 
Fermions
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!  Does the loss induced 3-body constraint stabilize the superfluid?

In order to separateprocessesinvolving only two dis-
tinguishablefermions,we did referencemeasurementsfor
all possible two-state mixtures by preparing three-
componentmixturesandremovingonecomponentwith a
resonantlaserpulsebeforerampingto theprobeÞeld.As
anexample, theresultfor themixtureof atomsin statesj1i
and j3i is shown in Fig. 2(b). Away from the Feshbach
resonances,all two-componentmixturesarestabledueto
Pauliblocking,asa three-bodylossprocesswould involve
at leasttwo identicalfermions.Addinga third distinguish-
able fermion allows three-bodyprocesses,which cande-
creasethe stability of thegas.Fromthis, we infer that all
decay observed in Fig. 2(a) for magneticÞelds below
590 G stemsfrom processesinvolving atomsin all three
spinstates.

To get quantitative informationaboutthe lossrateswe
measuredthedecayof thegasoveraperiodof Þveseconds
at several magneticÞeld valuesand hencefor different
two-bodyscatteringlengths.For thesemeasurements,we
preparedthethree-componentmixtureasdescribedabove,
tunedthe magneticÞeldto thevalueof interestandmea-
suredthenumberandtemperatureof remainingatomsasa
function of time. As an example, Fig. 3 shows the decay
curve for state j2i at a magnetic Þeld of 300 G. We
observed that the ratio of particles in the three states
remainsone during the whole decay. Therefore,we can
assumein the following analysisthatall stateshave equal
lossratesthat aregovernedby a three-bodyprocess.The
lossof particlescanthenbedescribedby

_n i ! ~r" # $ K3ni ! ~r"3; (1)

whereK3 is the three-bodylosscoefÞcientandni ! ~r" de-
notesthelocal,temperaturedependentdensityof atomsper
spin stateji i . Additionally, we take into accounta small
one-bodylosswith a1=e-lifetime of about100s.Fromthe
two-componentmeasurements,we infer that we can ne-
glect two-body decayprocesses.To deduceK3 from our
experimentaldata,we follow a methoddescribedin [29].
Loss of atomsoccurspredominantlyin the centerof the
trapwherethedensityis high.Theenergy takenawayby a
lost particle is thus smaller than the mean energy per

particlewhenaveragingover the whole cloud.This leads
to heatingof the sample[seeFig. 3(b)] which requiresa
numericaltreatmentof the atomnumberandtemperature
evolution, for which we usethe codedevelopedfor [29].
The model we use describesloss in a thermal gas.For
T=TF % 0:37, minor changesoccur due to degeneracy,
which we neglect for simplicity. For the analysisof the
lifetime curves, we use an effective temperature( !T in
Fig. 3) deducedfrom a GaussianÞt to the densitydistri-
bution after time of ßight. If the gas is degenerate,the
obtainedvalue !T is slightly higherthanthe real tempera-
ture.As the densityin a degenerateFermi gasis reduced
with respectto a thermalgasof thesametemperature,the
higher temperaturevaluecompensatesto someextent for
the small effects of degeneracy. Hence,we approximate
T % !T for our analysis.For most valuesof K3, this ap-
proximationaffectsonly the very Þrstdatapoints,as the
temperaturequickly exceedsthe Fermi temperatureafter
initial lossandheating.Thesolidline in Fig.3 showstheÞt
to theatomnumberandtemperatureevolutionaccordingto
this modelfor onedecaycurve. FromsuchÞts,we obtain
our valuesof K3.

Figure4 showstheobtainedthree-bodylosscoefÞcients
for all threespeciesasa functionof themagneticÞeld.As
expected,K3 reßectsthe qualitative behavior of the atom
numberin Fig. 2. The relative error of the datapoints is
causedby the uncertaintyin spin balance,differencein
detectionefÞciency for the threestatesandÞtting uncer-
tainties.This error canbe estimatedby the scatterof the
Þttedvaluesfor K3 for differentstatesandis muchsmaller
than the observed variation of K3. The absolutescaleis
subjectto additionalsystematicerrorsin particlenumber
andtrapfrequency. AsK3 / N2 !! 6, uncertaintiesof 40%in
N and 7% in !! lead to an error of 90% in the absolute
scale.

Although thereis currentlyno theoreticalmodelwhich
canquantitatively explain the strongvariationof K3 with
the magneticÞeld,we canqualitatively discusssomeas-
pectsof its behavior. In a naive picture,onecandescribea
three-bodyevent by elementarytwo-particle interactions
governedby a12, a13, anda23. If two of thethreescattering
lengthsarecloseto zero,only two of the threespinstates

FIG. 3. Evolution of (a) atomnumberand(b) temperatureof
atoms in state j2i over Þve secondsat 300 G. !T denotesan
effective temperaturededucedfrom a GaussianÞt to the cloud
after time of ßight. Each data point is a meanvalue of three
independentmeasurementstakenin randomorder. Thesolid line
is a Þt to the data,applyingthe methoddescribedin the text.

FIG. 4 (color online). Three-bodylosscoefÞcientK3 vs mag-
netic Þeld.

PRL 101,203202(2008) PH Y SI CA L REV I EW L ET T E RS
weekending

14 NOVEMBER 2008

203202-3

Trimers Colour superßuid (BCS pairing)

3-Component Fermions on the Lattice

¥ 3-species Fermi mixture
¥ e.g., Lithium-6: Very strong loss features (T. Ottenstein&; OÕHara&)

¥ Rich many-body physics (e.g. A. Rapp&)

symmetric

¥ But small Òcolour superfluidÓ domain

¥ Loss -> Interaction:
Onsite Trimers excluded
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Phase Diagram

¥ Study the system in one dimension: 
¥ numerically: using DMRG 
¥ analytically: implementation of the constraint similar to the boson case, and 
subsequent bosonization techniques (weak coupling)

¥ Results for the attractive SU(3) symmetric case

¥ Competition between CDW and 
onsite trions (ST) (Capponi&) 
¥ no long range superfluid 
correlations

¥ Onsite Trions out!
¥ Competition between 
CDW, atomic color 
superfluid, and Offsite Trions 
¥ an extended BCS pairing 
region exists

¥ Pairing correlation 
functions without (blue) and 
with constraint (green): 
exponential vs. algebraic
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The Lithium Case

¥ Strong breaking of SU(3) symmetry by different interactions between 
hyperfine states

¥ Pairing in one channel dominates

¥ With t-DMRG + Quantum Trajectories method, we can propose optimal 
experimental preparation sequence
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Summary
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¥ Generate a 3-body hard core constraint from ubiquitous, strong three-body loss
¥ analogous Quantum Zeno Effect
¥ ground state of constrained system reachable 

¥ Beyond mean field effects in 3-body constrained bosons
¥ requantized Gutzwiller theory allows to investigate effects tied to 

   (i) interactions, (ii) 3-body constraint 
¥ quantum ßuctuations shift the phase border for low densities
¥ radiatively induced first order ASF-DSF transition terminates into Ising QCP
¥ symmetry enhancement in strong coupling leads to Òcontinuous supersolidÓ

¥ 3-component Fermions with 3-body constraint
¥ strong loss makes them prime candidates (6Li)
¥ Òcolor superfluidÓ phase stabilized in SU(3) symmetric case
¥ quantitative analysis for asymmetric Li case including proposal of experimental sequence
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Quantum Field Theory: Why? 

¥ Questions on various scales:  

¥ Vacuum problem: Dimer bound state formation expected for attractive interaction

¥Condensation/Thermodynamics: phase border, superßuid stiffness/ Goldstone Theorem, EFT 

in strongly interacting limit 

¥ Infrared limit:  Nature of the Phase transition

microscopic thermodynamic long distance

n =
k3

F

3! 2 ,T
kld! n1/ 3,T1/ 2, ! 1/ 2

M! M = !
1

Ma2

!  Quantized version of the Gutzwiller mean Þeld description desirable
!  We identify quantitative and qualitative effects intimately connected to interactions

¥ Gutzwiller mean Þeld theory: classical Þeld theory for the amplitudes fα,i (t), ∑
α

f !
α,i fα,i = 1

¥ Experiments are getting more quantitative and able to resolve subtle effects

¥ T. Donner et al., Science 315, 1556 (2007): Critical exponents

¥ A. Altmeyer et al., PRL. 98, 040401 (2007): Beyond mean Þeld effects in BCS-BEC crossover

¥ Y. Shin et al., Nature 451, 689 (2008): Phase diagram of imbalanced fermions

¥ J. Stewart et al., Nature 454, 744 (2008): Dispersion relation of strongly interacting fermions

¥ F. Gerbier et al., PRL 101, 155303 (2008): Quantitative benchmark of quantum simulators
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Implementation of the Hard-Core Constraint

¥ Introduce operators to parameterize on-site Hilbert space (Auerbach, Altman !98)

t 
! ,i |vac! = |! ! , ! = 0,1,2

¥ They are not independent: 

!
"

t 
" ,it" ,i = 1

¥ Representation of Hubbard operators: 

a 
i =

!
2t 

2,i t1,i + t 
1,i t0,i

n̂i = 2t†
2,it2,i + t†

1,it1,i
|vac!

|0!

|1!

|2!
t 
1,it0,i

 Action of operators

a 
i
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Hkin = ! J !
"i, j#

!
t 
1,it0,it

 
0, j t1, j +

$
2(t 

2,it1,it
 
0, j t1, j + t 

1,it0,it
 
1, j t2, j ) + 2t 

2,it
 
1, j t1,it2, j

"

¥ Hamiltonian: 

Hpot = ! µ!
i

2t 
2,it2,i + t 

1,it1,i + U !
i

t 
2,it2,i

¥ Mean Þeld: Gutzwiller energy (classical theory)

¥ interaction: quadratic

¥ hopping: higher order 

¥ One phase is redundant: absorb via local gauge transformation

¥ Role of interaction and hopping reversed
¥ Strong coupling approach

Implementation of the Hard-Core Constraint

¥ Properties:

t1,i ! exp" i! 0,i t1,i , t2,i ! exp" i! 0,i t2,it1,i = expi! 0,i |t0,i |

!   e.g. t_0 can be chosen real 
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Implementation of the Hard-Core Constraint

¥ Resolve the relation between t-operators (zero density)

t 
1,it0,i = t 

1,i

√
1! t 

1,it1,i ! t 
2,it2,i " t 

1,i (1! t 
1,it1,i ! t 

2,it2,i )

¥ justiÞcation: for projective operators one has from Taylor representation

X2 = X ! f (X) = f (0)(1" X) + X f (1) X = 1! t 
1,it1,i ! t 

2,it2,i

¥ Now we can interpret the remaining operators as standard bosons: 

Hi = {| n! 1
i |m! 2

i } , n,m = 0,1,2, ...

Hi = Pi ! Ui

Pi = {| 0!1
i |0!2

i , |1!1
i |0!2

i , |0!1
i |1!2

i }

¥ on-site bosonic space 

¥ decompose into physical/unphysical space:  

¥ the Hamiltonian is an involution on P and U:   

H = HPP+ HUU

¥remaining degrees of freedom: ÒatomsÓ and ÒdimersÓ 

!  similarity to Hubbard-Stratonovich transformation  

|0!1
i

|1!1
i

|2〉1
i

|2!2
i|1!2

i|0!2
i

Ò
at

om
sÓ

   
ÒdimersÓ   

¥ correct bosonic enhancement factors on physical subspace  
!

n = 0,1
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¥ The partition sum does not mix U and P too:

Z = Tr exp! βH = TrPP exp! βHPP + TrUU exp! βHUU

Implementation of the Hard-Core Constraint

¥Usually: Effective Action shares all symmetries of S
¥ Here: symmetry principles are supplemented with a constraint principle

¥ Legendre transform of the Free energy

¥ Need to discriminate contributions from U and P:  Work with Effective Action

! [" ] = ! W[J]+
Z

JT" , " "
#W[J]

#J
¥ Has functional integral representation: 

W[J] = logZ[J]

 Quantum Equation of Motion for J=0

S[! = (t1, t2)] =
Z

d"
!
#
i

t 
1,i$"t1,i + t 

2,i$"t2,i + H[t1, t2]
"

exp! ! [" ] =
Z

D#" exp! S[" + #" ]+
Z

JT#" , J =
#! [" ]

"
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Condensation and Thermodynamics

¥ Physical vacuum is continuously connected to the Þnite density case: 

   Introduce new, expectationless operators by (complex) Euler rotation

!b = R! R" !t

!t = (t0,t1,t2)T

¥ Hamiltonian in new coordinates takes form:

H = EGW + HSW+ Hint

Mean Þeld: Gutzwiller Energy

Quadratic part: Spin waves (Goldstone for n > 0)

higher order: interactions

microscopic thermodynamic long distance

interactions interactions
condensation

interactions
condensation
spin waves
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