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Exactly solvable
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a =∞

Unitary 3-body problem in a trap - Fermions (Spin-1/2)

Zero-range interactions:  when        
with fixed                     and    ,

When all rij ’s are > 0 :

Unitary Quantum Thr ee-BodyProblem in a Harmonic Trap
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(Received 18 July 2005;published10 October2006)

We considereither3 spinlessbosonsor 3 equalmassspin-1=2 fermions,interactingvia a short-range
potentialof inÞnite scatteringlength and trappedin an isotropic harmonicpotential.For a zero-range
model, we obtain analytically the exact spectrumand eigenfunctions:for fermions all the statesare
universal;for bosonsthereis a coexistenceof decoupleduniversalandeÞmovian states.All theuniversal
states,even thebosonic ones,have a tiny 3-bodylossrate.For a Þniterangemodel,we numericallyÞnd
for bosonsa couplingbetweenzeroangularmomentumuniversalandeÞmovianstates;thecouplingis so
weakthat,for realisticvaluesof theinteractionrange,thesebosonicuniversalstatesremainlong-livedand
observable.
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With aFeshbachresonance,it is now possibleto produce
a stablequantumgas of fermionic atomsin the unitary
limit, i.e., with an interaction of negligible range and
scatteringlength a ! 1 [1]. The propertiesof this gas,
including its superßuidity, are underactive experimental
investigation [2]. They have the remarkablefeature of
being universal,as was tested,in particular, for the zero
temperatureequationof stateof the gas[3]. In contrast,
experiments with Bose gasesat a Feshbachresonance
suffer from high lossrates[4Ð6], andeven the existence
of a unitaryBosegasphaseis a very opensubject[7].

In thiscontext,fully understandingthefew-bodyunitary
problemis acrucialstep.In freespace,theunitary3-boson
problemhasaninÞnitenumberof weaklyboundstates,the
so-calledEÞmov states[8]. In atrap,it haseÞmovianstates
[9,10] but alsouniversal stateswhoseenergy dependsonly
onthetrappingfrequency[9]. Severalexperimentalgroups
arecurrentlytrappingafew particlesatanodeof anoptical
lattice[11] andarecontrollingtheinteractionstrengthvia a
Feshbachresonance.Resultshave alreadybeenobtained
for two particlesper lattice node [12], a casethat was
solved analytically [13]. Anticipating experimentswith 3
atomspernode,we derive in this Letterexactexpressions
for all universalandeÞmovian eigenstatesof the 3-body
problemfor bosons(generalizing[9] to a nonzeroangular
momentum)andfor equalmassfermionsin atrap.Wealso
show the long lifetime of the universal statesand their
observability in a real experiment,extendingto universal
statesthenumericalstudyof [10].

If theeffectiverangeandthetruerangeof theinteraction
potential are negligible as comparedto the de Broglie
wavelength of the 3 particles, the interaction potential
can be replacedby the Bethe-Peierlscontactconditions
on thewave function  : it existsa functionA suchthat
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in thelimit r ij & jri $ rj j ! 0 takenfor Þxedpositionsof
theotherparticlek andof thecenterof massRij of i andj .

In theunitarylimit consideredin thisLetter, a ! 1. When
all the r ij are nonzero,the wave function  obeys the
noninteractingSchro¬dingerequation
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! is theoscillationfrequencyandm themassof anatom.
To solve this problem, we extend the approachof

EÞmov [8,14] to the trappedcase,andobtainthe form
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Sincethecenterof massis separablefor a harmonictrap-
ping,wehavesingledout thewave function c:m:"C#of its
stationarystateof energyEc:m:, with C ! "r1%r2 %r3#=3.
TheoperatorQ̂ ensuresthecorrectexchangesymmetryof
 : for spinlessbosons,Q̂ ! P̂13 % P̂23, whereP̂ij trans-
posesparticlesi andj ; for spin-1=2 fermions,weassumea
spinstate"#" sothatQ̂ ! $ P̂13. TheJacobicoordinatesare
r ! r2 $ r1 and! ! "2r3 $ r1 $ r2#=
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l is a spheri-
cal harmonic,l beingthetotal internalangularmomentum
of thesystem.ThefunctionÕ"" #, where" ! arctan"r=! #,
solvestheeigenvalueproblem
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with $ ! $ 1 for fermions,$ ! 2 for bosons.An analyti-
cal expressioncanbeobtainedfor Õ"" #[15], which leads
to the transcendentalequationfor s [16]:
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ψ("r1,"r2,"r3) = ! ψ("r3,"r2,"r1)
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⇒
are the same than in free spaceand! ("Ω) s

 already obtained by Efimov

Center-of-mass is separable: !C = (!r1 + !r2 + !r3)/3

ψ("r1,"r2,"r3) = ψcm("C) ψin t EintEcmE = +

Hyperradius: R =
! "

i<j

r 2
ij /3 5 remaining coordinates: 

Hyperangles !Ω

ψint = F (R) R! 2 ! ("Ω)

F (R) = wavefunction of a fictitious particle

in a potential

= energy of this fictitious particleEin t

Problem
solved
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Spectrum of 3 trapped fermions 



Application:
Exact calculation of 3rd virial coefficient
of homogeneous unitary gas
[Liu, Hu & Drummond, PRL ’09]

Agrees with Diagrammatic Monte-Carlo
[Van Houcke, Werner, Prokofev, Svistunov; in progress]

Disagrees with diagrammatic calculation [Rupak, PRL ’07]

b3 = −0.29095295 . . . .

nλ3 =
! µ→−∞

2(e! µ + 2b2e
2! µ + 3b3e

3! µ + . . .)



Unitary 3-body problem - BOSONS (Spin 0)

ψint = F (R) R! 2 ! ("Ω) s
Ue! (R) =
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⇒

one of the allowed values of     is imaginarys

need to add boundary condition:

F (R) ∝
R→0

sin [|s| ln(R/ Rt )] 3-body parameter
Other s are real

Universal states
Ein t = (s + 1 + 2q)!ω

ω = 0 ω > 0

Efimov trimer states
Ein t =geometric series

Efimovian states
E int(Rt)
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Fig. 3.4 – Spectrum of 3 trapped bosons for the zero-range model, in units of !ω. The efimovian
states depend on the 3-body parameter Rt. The universal states do not depend on Rt and are
grouped in ladders of regular spacing 2. [We did not represent the universal eigenstates of non-
zero total angular momentum and the eigenstates in common with the non-interacting problem
(Sec. 3.1.e).]

Spectrum of 3 trapped bosons (l=0)
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3-body losses 

Fermions, ground state: à la Petrov-Salomon-Shlyapnikov

Bosons, efimovian states: à la Braaten-Hammer

[Cs @ ! 11G : Γ−1 " 0.1 ms]

Bosons, l=0 universal states: numerics with simple finite-range
 model: 

Γ ! Pzero−range(R < b) ! ωs+1 " Γ ≪ ω

F (R) ∝ (R/Rt)! s − e! 2η∗(R/Rt)s

Γ typically ∝ ω2 [Cs : Γ−1 ∼ 0.2 s ]
General conjecture: Γ/ω ! 0 in the zero-range limit

⇒ E (Rt, η∗) ∈ C obtained analytically

η∗ ! 1⇒ Γ # 4η∗ω/ Im
(

1 + s− E/ (!ω)
2

)
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Lifetime measurement

Prospects for Experiments

• 3 atoms/site 

• Suddenly switch to

• Measure 

• Each site has a long lifetime with a 
probability:

Spectrum measurement with RF

detection of bosonic universal states looks easy:

}
done for 2 particles
[Zürich, Hamburg]
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√
!

mω
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Effect of 3-body losses on Efimov Trimers 

Braaten-Hammer approach:

Γ = −Im E á(2/!)

Slowly decaying 
states

When 2η∗/|s|→ π,

Γ ! 0

F (R) ∝ (R/Rt)! s − e! 2η∗(R/Rt)s



a =∞

Unitary N-body problem in a trap - Fermions (spin-1/2)

ψint = F (R) R! 2 ! ("Ω)

F (R) = wavefunction of a  fictitious particle

in a potential
s

Ue! (R) =
!2

2m

2

R2
+

1
2
mω2R2

D ynamics: ω( t ) . ψ(#r 1, . . . , #r N ; t = 0) = ψ0(#r 1, . . . , #r N )
⇒ ψ(#r 1, . . . , #r N ; t ) = ψ0(λ( t ) #r 1, . . . , λ( t ) #r N ) · C (t )
• T ime of ßight :

ω( t ) =
{

ω0 for t < 0
0 for t > 0

exact lens

• Breat hing mode:

ω( t ) =
{

ω0 for t < 0
ω0 + ε for t > 0

frequency 2 ω; no damping
SO(2, 1) hidden symmet ry (Pit aevski i & Rosch, 1997)

Breathing mode:
frequency=
no damping
[Castin ’04]

2 ω

Comparison
with numerics

[von Stecher, Blume
& Greene ’07]

isotropic
harmonic

trap



• SO(2,1) dynamical symmetry

• Conformal invariance [Son & Wingate (’05)]

-discovered for other models by Pitaevkii & Rosch (’97) 
-rederived in second quantization by Nishida & Son (’07)

More formally:



E = 2Etrap +
1
2a

(
∂E

∂(1/a)

)
S

Virial Theorem

N bosons
Trapping potential U(!r )

E =
N∑

i=1

〈
U(!ri ) +

1
2
!ri á!∇U(!ri )

〉
+

1
2a

∂E

∂(1/a)
− Rt

2
∂E

∂Rt





-2 -1 0 1
! !"

0

2

4

6

8

n 
"3  =

  f
(!
!"
#

DiagMC (this work)
Bulgac et al.
Virial expansion, order 3 [Liu et al.]
Virial expansion, order 2
Virial expansion, order 1 [Boltzman gas]



1 fermion + 1 boson (H amburg)
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In experiments with molecule creation from two-
component Fermi gases !31", inelastic molecule-molecule
and molecule-atom collisions are suppressed by the Pauli
exclusion principle !32,33", resulting in remarkably long life-
times between approximately 100 ms and even seconds, al-
lowing Bose-Einstein condensation of Feshbach molecules
!34" and the observation of BCS-BEC crossover physics
!35–39". The lifetime limitation for molecules created from
bosonic atoms has been overcome by creating molecules in
3D optical lattices, where molecules are created at a single
lattice site and isolated from inelastic collisions with residual
atoms or other molecules !40".

For molecules created from Fermi-Bose mixtures, the
situation is a little bit more complicated. As far as collisions
between molecules are concerned, the fermionic character of
the molecule should become more evident the deeper the
molecule is bound, thus resulting in suppression of collisions
!41".

As far as collisions with residual atoms are concerned, we
expect inelastic collisions with fermionic atoms in the same
spin state as the fermionic component of the molecule, i.e.,
in the #9 /2,−9 /2$ state, to be suppressed due to the Pauli
exclusion principle close to the resonance, when the
“atomic” character of the molecule’s constituents is still sig-
nificant !32,33". For collisions with bosonic atoms and fer-
mionic atoms in a different internal state, we do not expect
any Pauli-blocking enhanced lifetime, since the residual
atom can in principle come arbitrarily near to the molecule’s
constituents.

In our situation, where the molecules are created through
rf association, residual fermionic atoms remain in a different
spin state, either in #9 /2,−7 /2$or #9 /2,−5 /2$%for the latter
case, and for a description of the experimental procedure, see
Ref. !9"&. These residual fermionic atoms as well as the re-
maining bosonic atoms may therefore limit the stability of
the molecular sample.

Molecule creation in the optical lattice introduces a sec-
ond aspect concerning the lifetime: lattice occupation and
tunneling probabilities. In Fig. 6, we have sketched the ex-
pected occupation in the optical lattice. Prior to molecule
creation, we expect slightly less than unity filling for the
fermionic component. As far as the bosons are concerned, we

expect a central occupation number between 3 and 5, sur-
rounded by shells of decreasing occupation number. In the rf
association process, molecules are only created in the shell
where we have one fermion and one boson per lattice site. In
the outermost region of the lattice, we have lattice sites with
only one fermion which are responsible for the “atomic”
peak in the rf spectroscopy signal. After the rf association
process in the “molecular” shell, bosons from neighboring
sites as well as fermions remaining in a different spin state
can tunnel to the “molecular” shell and provoke inelastic
three-body loss. In our experimental situation, this is more
probable for the remaining fermionic atoms, since they are
lighter and have a smaller tunneling time %10 to 20 ms for the
lattice depths discussed here&. For the highest binding ener-
gies observed in the experiment, we find a limiting lifetime
of 10 to 20 ms as seen in Fig. 7, which is consistent with the
assumption that in this case, three-body loss is highly prob-
able once tunneling of a distinguishable residual fermion has
occurred. Still, for the more weakly bound molecules and in
particular for attractively interacting atoms, we observe high
lifetimes of 120 ms, raising the question of the magnetic field
dependence of the lifetime.

We can understand this magnetic field dependence using
the pseudopotential model by introducing a product wave
function for the combined wave function of the resonantly
interacting atom pair and a residual fermionic atom after tun-
neling to a molecular site. We write this three-body wave
function as

!%r!,R! ,r!3&: = !mol%r!,R!&!3%r!3&, %15&

where !mol is the result of the pseudopotential calculation
for the molecule and !3 is the ground-state wave function of
the residual atom at the same lattice site. Note that this treat-
ment assumes weak interactions between the residual atom
and the molecule %the interaction between the residual atom
and the molecule’s constituents is on the order of the back-
ground scattering length&. From solution %15&of the pseudo-

FIG. 6. %Color online&Sketch of expected lattice occupation.
The arrows illustrate tunneling of remaining fermionic 40K atoms to
the “molecular” shell where they can undergo inelastic three-body
collisions with a 40K-87Rb molecule.
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FIG. 7. %Color online&Lifetime of heteronuclear 40K-87Rb mol-
ecules in the optical lattice. The Lifetime is limited due to residual
atoms which can tunnel to lattice sites with molecules and provoke
inelastic three-body loss. The theoretical prediction uses the
pseudopotential wave function and contains a global factor which
was adjusted to the experimental data of Ref. !9".
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