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“Symmetrizing group”

 

of pulses { gi }

 

and their inverses are applied in series:

Choose the pulses so that: 

Periodic DD: periodic repetition of the universal DD pulse sequence
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“Symmetrizing group”

 

of pulses { gi }

 

and their inverses are applied in series:

Choose the pulses so that: 

For a qubit the Pauli group G={X,Y,Z,I } ( pulses around all three axes) removes an 
arbitrary HSB

 

:

Periodic DD: periodic repetition of the universal DD pulse sequence

(XfX)(YfY)(ZfZ)(IfI) = XfZfXfZf
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Another view of the universal decoupling sequence:

The Effective Hamiltonian
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Another view of the universal decoupling sequence:

The Effective Hamiltonian
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But, errors accumulate…: ( ) 0effH T 



Periodic Dynamical Decoupling

PDD Strategy: repeat the basic XfZfZfXfZ cycle with total of N pulses. 

The total duration is fixed at T. N can be changed. 

Pulse interval:

Define noise strength

norm of final effective system-bath Hamiltonian times the total 
duration.

τ = T/N

η ≡ ||Heff(T )||T



Periodic Dynamical Decoupling

PDD Strategy: repeat the basic XfZfZfXfZ cycle with total of N pulses. 

The total duration is fixed at T. N can be changed. 

Pulse interval:

Define noise strength

norm of final effective system-bath Hamiltonian times the total 
duration.

PDD leading order result for error:

Can we do better?

τ = T/N

η ∝ N−1

η ≡ ||Heff(T )||T
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Nest the universal DD pulse sequence
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Dynamical Decoupling

Nest the universal DD pulse sequence

 

into its own free evolution periods f :

p(1)= X f   Z f   X f   Z f
p(2)= X p(1)Z p(1)X p(1)Z p(1)

p(n+1)= X p(n)Z p(n)X p(n)Z p(n)

Level Concatenated DD Series after multiplying Pauli matrices

1 XfZfXfZf

2 fZfXfZfYfZfXfZffZfXfZfYfZfXfZf

3 XfZfXfZfYfZfXfZffZfXfZfYfZfXfZfZfZfXfZfYfZfXfZffZfXfZfYfZfXfZfXfZf 
XfZfYfZfXfZffZfXfZfYfZfXfZfZfZfXfZfYfZfXfZffZfXfZfYfZfXfZf

Length grows exponentially; how about error reduction?

[Khodjasteh & Lidar, PRL 95, 180501 (2005) ]



Performance of Concatenated Sequences

2 2 2 2 2 2 2error  (error)   ((error) )   (((error) ) )    (error)
k

k    

[Khodjasteh & Lidar, PRA 75, 062310 (2007) ]



For fixed total time T=N
 

and N zero-width (ideal) pulses:

Compare to  periodic DD: 

Performance of Concatenated Sequences

[Khodjasteh & Lidar, PRA 75, 062310 (2007) ]
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k

k    

η ∝ N bN−c logN

η ∝ N−1



Hybrid DD-DFS Quantum Gates
 
    "Decouple  while Compute"
               arXiv:0911.2398 

Daniel
Typewritten Text

Daniel
Typewritten Text

Daniel
Typewritten Text

Daniel
Typewritten Text

Daniel
Typewritten Text

Daniel
Typewritten Text

Daniel
Typewritten Text

Daniel
Typewritten Text

Daniel
Typewritten Text

Daniel
Typewritten Text

Daniel
Typewritten Text

Daniel
Typewritten Text

Daniel
Typewritten Text

Daniel
Typewritten Text

Daniel
Typewritten Text
Part 2

Daniel
Typewritten Text



Computation

Problem: DD pulses interfere with computational pulses – they 
cancel everything!

How can they be reconciled?

• Need a commuting structure of pulses and computation.

• A solution:

Use encoded qubits from a DFS.

Logical gates over DFS generated by Heisenberg.

DD pulses acting as global X and Z are still a universal decoupling group, and 
commute with Heisenberg
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Heisenberg Computation over DFS is Universal

• Heisenberg exchange interaction:

• Universal over collective-decoherence DFS 
[J. Kempe, D. Bacon, D.A.L., B. Whaley, Phys. Rev. A 63, 042307 (2001)]

• Over 4-qubit DFS:

CNOT involves 42 elementary steps (D. Bacon, Ph.D. thesis)

HHeis =
P

i,j Jij(XiXj + YiYj + ZiZj) ≡
P

i,j JijEij

X̄ = − 2√
3
(E13 +

1
2E12) Z̄ = −E12

eiθX̄ and eiθZ̄ generate arbitrary single encoded qubit gates

( )( )10 01 10 01 10
2L = − −

( )( )11 2 0011 2 1100 0110 1001 1010 0101
2 3L = + − + + +
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Universal Decoupling Group Commutes with Heisenberg

• n levels of concatenation, N=4n pulses

• Universal decoupling group on M (even) system-spins:

p(1)= X U Z U X U Z U

p(2)= X p(1)Z p(1)X p(1)Z p(1)   …

X1 · · ·XM Z1 · · ·ZM

[HHeis,X or Z] = 0

e−i(θ/N)Hgate

t

X Z ZX X

U U U U
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Error Model: Electron qubits in GaAs, nuclear spin bath

• “Error Hamiltonian” (everything excluding DD):

Heisenberg System-Bath (hyperfine coupling)

Dipolar Bath-Bath

β=

System

Bath
A1,1

B1,3
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Model Assumptions for Exact Numerical Simulations

•
 

Simulated discrete universal set: {π/8, Hadamard, CPhase}

•
 

Single-encoded qubit gates: 4 system qubits, 6 bath qubits

•
 

Encoded CPhase: 8 system qubits, 2 bath qubits

•
 

Bath initialized in thermal equilibrium at zero K (equal superposition 
over all basis states)

•
 

System initialized as ( )1 0 1
2 L L+
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Simulations for a protected logic gate: electron spin in a GaAs quantum dot

Gate implemented using Heisenberg interactions over 4 qubit DFS code.
Pulse widths: 0, 1ps, 1ns

1ns 1ms =log(time)

F= k
q
ρactualS

q
ρidealS kTr
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Simulations for a protected CPHASE gate: electron spin in GaAs quantum dot

Gate implemented using Heisenberg interactions over two 4 qubit DFS 
codes. Pulse widths: 0, 1ps

1ns 1ms =log(time)
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Better than Concatenated DD?

Does there exist an optimal pulse sequence?

Optimal = removes maximum decoherence 
with least possible number of pulses



Better than Concatenated DD?



Better than Concatenated DD?

OR
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Better than Concatenated DD?

“Quadratic DD” eliminates the first n orders in the Dyson series of the
joint system-bath propagator using n2 pulses

Concatenated DD requires 4n pulses to do the same, approximately



Inner workings of Quadratic DD

j, k ∈ {1, n}



Inner workings of Quadratic DD

j, k ∈ {1, n}

For every value of n, the first
√
n terms in the Dyson series are removed



Comparison of DD Sequences

Daniel
Typewritten Text
Use QDD in computation? Open.



Part 3: Decouple-then-compute
Or: how dynamical decoupling can help fault tolerance

arXiv:0911.3202

DL, with Hui-Khoon Ng and John Preskill

IQI-Caltech, CQIST-USC

ITAMP, Aug. 11, 2010

Lidar, Ng, Preskill (IQI-Caltech, CQIST-USC) FTQC with DD ITAMP, Aug. 11, 2010 1 / 18
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Fault tolerant quantum computation Obstacles

Obstacles to scalable quantum computation

Environment causes decoherence.
Gates for computation are noisy.
Gates for quantum error correction are noisy

Is reliable quantum computation nevertheless possible?

Yes, under certain reasonable noise models:

the quantum accuracy threshold theorem

Lidar, Ng, Preskill (IQI-Caltech, CQIST-USC) FTQC with DD ITAMP, Aug. 11, 2010 2 / 18



Fault tolerant quantum computation Noise model and Quantum Accuracy Threshold Theorem

Noise Model
System and bath are coupled via an “error” Hamiltonian Herr.
Time between gates is τ0.
The noise strength is η ≡ ‖Herr‖τ0.

Quantum accuracy threshold theorem
Simulate ideal L-gate circuit using an L∗-gate circuit protected by
many levels of concatenated quantum error correction. There
exists a threshold η0 such that concatenation suffices for accurate
simulation of arbitrarily long quantum computations, if the noise is
“sufficiently weak”:

η < η0 ∼ 10−4

η also determines number of extra gates needed to compute
fault-tolerantly:

L∗ ∝ L
(

log(η0L/ε)

log(η0/η)

)c

(ε is desired accuracy error (upper bound on trace norm difference), c = O(1), a circuit dependent constant)

Lidar, Ng, Preskill (IQI-Caltech, CQIST-USC) FTQC with DD ITAMP, Aug. 11, 2010 3 / 18



Fault tolerance with dynamical decoupling Fault tolerance and dynamical decoupling

Let’s add dynamical decoupling (DD): each gate will be preceded by a
DD pulse sequence. What do we stand to gain?

DD doesn’t involve measurements
DD doesn’t require ancillas

=⇒ DD easier to implement than QEC.

Noise model changes in presence of DD:
Herr 7−→ Heff, hence
η = ‖Herr‖τ0 7−→ ηDD = ‖Heff‖τ0

Can adding DD to fault-tolerant circuit weaken noise strength η
and reduce resource requirements?
I.e., can we have ηDD < η?
And if we did, what good what it do?

Lidar, Ng, Preskill (IQI-Caltech, CQIST-USC) FTQC with DD ITAMP, Aug. 11, 2010 6 / 18
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Fault tolerance with dynamical decoupling How can DD help FT?

Gates unprotected by DD: scalable if the noise strength of
unprotected gates is below the accuracy threshold,
ηnoDD ≡ η < η0.
Gates protected by DD: scalable if ηDD < η0.

Two ways DD can help FT:

noise strength0η

threshold

noDDηDDη

Arbitrarily large quantum circuits can be simulated accurately with
DD-protected gates, but not with unprotected gates

noise strength0η

threshold

noDDηDDη

Even when ηnoDD < η0, DD may reduce the overhead cost of
fault-tolerant quantum computing if ηDD < ηnoDD

Lidar, Ng, Preskill (IQI-Caltech, CQIST-USC) FTQC with DD ITAMP, Aug. 11, 2010 7 / 18
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Fault tolerance with dynamical decoupling How can DD help FT?

The task

Identify and compute the noise strength of the DD-protected
circuit, ηDD

Identify conditions under which ηDD < ηnoDD

Determine which DD schemes are best at lowering the noise
strength while being compatible with QEC

Lidar, Ng, Preskill (IQI-Caltech, CQIST-USC) FTQC with DD ITAMP, Aug. 11, 2010 8 / 18



Fault tolerance with dynamical decoupling Noise model, computation and DD

time

S

B
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Fault tolerance with dynamical decoupling Noise model, computation and DD

time

S

B

Joint evolution of S and B; noise Hamiltonian H.

HB ≡ free bath evolution

H0
S ≡ free no-noise system evolution

HSB ≡ system-bath interaction

}
Herr ≡ H0

S + HSB

Hfull = H = HB + Herr.

Lidar, Ng, Preskill (IQI-Caltech, CQIST-USC) FTQC with DD ITAMP, Aug. 11, 2010 9 / 18



Fault tolerance with dynamical decoupling Noise model, computation and DD

time

S

B

Add computation:
Sequence of gates used to fault-tolerantly simulate ideal circuit.

Divide into time-steps of duration τ0: shortest possible interval
between pulses.
Gates applied by pulses of width δ at the end of each time-interval
τ0.

Hfull = H + Hc(t) = HB + Herr + Hc(t).

Lidar, Ng, Preskill (IQI-Caltech, CQIST-USC) FTQC with DD ITAMP, Aug. 11, 2010 9 / 18
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Fault tolerance with dynamical decoupling Noise model, computation and DD
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Add DD:
Replace each gate by (DD pulse sequence + gate)

D1 D2 GG

¿0 t0´N¿0DD-protected gate ¹G

Hfull = H + Hc(t), Hc(t) includes DD pulses.
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Fault tolerance with dynamical decoupling Noise strength in presence of DD

Noise strength of a DD-protected gate
Recall: gate G; DD-protected gate G; t0 time taken by G.

Local-bath assumption – examine each DD-protected gate
separately.
Noise strength η0

DD – deviation from ideal evolution (Herr = 0):

η0
DD ≡ maxa‖Ga −Ga ⊗ UB(t0)‖

If η0
DD < η0, fault-tolerant quantum computation possible.

Compute good upper bound ηDD ≥ η0
DD.

η0
DD ≤ ‖Ω1(t0) + it0HB︸ ︷︷ ︸

Ω′
1(t0)

‖+
∑∞

n=2 ‖Ωn(t0)‖.

I Ωn(t0) are terms in Magnus expansion for G in “toggling frame”.
I Computed from toggling frame Hamiltonian H̃(t) ≡ U†

c (t)HUc(t).
I First-order decoupling: Ω′

1(t0) = 0. Assumed for non-trivial DD with
zero-width pulses.
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Fault tolerance with dynamical decoupling Noise strength in presence of DD

Bound on the noise strength

Compute bounds on individual
Magnus terms.
Parameters: Jτ0, ετ0 � 1

I J ≡ ‖Herr‖,
I ε ≡ ‖Herr‖+ ‖HB‖ ≥ ‖H‖.

Noise strength for DD-protected
gate:

ηDD ≡ (Jt0)
∑5

n=1 Cn(εt0)n−1

General Time-
symmetric

C1 0 0
C2 1 0
C3 4/9 2/9
C4 11/9 0
C5 9.43

Time-symmetric DD sequence: H̃(t0 − t) = H̃(t)
I Ωn(t0) = 0 for all n even.
I Ω2(t0) = 0 ⇒ second-order decoupling.

DD weakens noise strength if ηDD < ηnoDD = Jτ0.
I Less stringent fault tolerance threshold condition ηDD < η0.
I Lower resource requirements to attain same level of accuracy.
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Examples Single-qubit errors

Example – single-qubit errors (i : system qubit label).

H = HB + Herr, with Herr ≡
∑

i,α σ
(i)
α ⊗ B(i)

α .

Universal decoupling sequence:

Z XX Z t0 = 4¿0

ηDD ∼ (Jt0)(εt0) = (4Jτ0)(4ετ0)

Time-symmetric version: Apply universal decoupling sequence,
repeat, but time-reversed.

Z XX Z XX t0 = 8¿0

ηDD ∼
2
9
(Jt0)(εt0)2 =

2
9
(8Jτ0)(8ετ0)

2

Recall: ηnoDD = Jτ0.
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Examples Single-qubit errors

Effective noise strengths for zero-width pulses

noise strength0η

threshold

noDDηDDη
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Examples Single-qubit errors

Reduction in number of gates required in fault tolerant simulation
Jτ0 = 10−4, N zero-width pulses, L∗DD gates for simulation with DD, L∗un without DD,

L∗DD
L∗un

= N
„

log(η0/ηnoDD)

log(η0/ηDD)

«c

noise strength0η

threshold

noDDηDDη

10
−4

10
−3

10
−210

−10

10
−9

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

ετ
0

L D
D

*
/L

un*

universal decoupling sequence
time−symmetric sequence
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Examples High-performance decoupling

Concatenated DD

Concatenated DD sequence is recursively generated.
E.g., for single-qubit universal decoupling sequence:

p1 = ZIXIZIXI

p2 = Zp1Xp1Zp1Xp1

pk = Zpk−1Xpk−1Zpk−1Xpk−1

Such sequences don’t allow errors to build up by reducing them at
all concatenation levels
However, if sequence becomes too long errors build up and
effectiveness diminishes
There exists an optimal concatenation level:

kopt = − log(ετ0)+const
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Examples High-performance decoupling

universal DD: 4NδJ ≤ ηCDD
Jτ0

≤ 1
N (c̄ετ0)

− 1
2 logN (c̄ετ0)− 3

2 (c̄ is a constant, δ is pulse width)

time-symmetric DD: 8NδJ ≤ ηCDD
Jτ0

≤ 1
N3/4 (c̄ετ0)

− logN (c̄ετ0)−2

10-5 10-4 0.001 0.01 0.1

10-18

10-15

10-12

10-9

10-6

0.001

1

cet0

h D
DHop

tL êHJ
t 0

L

universal decoupling sequence

time-symmetric sequence
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Conclusions

Conclusions
Obtained rigorous bounds obtained on the Magnus expansion.
Enabled answering:

Can adding DD to fault-tolerant circuit weaken the noise strength η and
reduce resource requirements?

Yes, if ετ0 is small enough.
Time-symmetric sequence: extra power of ετ0 in noise strength.
Can result in smaller noise strength if sequence is not too long.
Concatenated sequence: orders of magnitude reduction of noise
strength as ετ0 shrinks.
Result: can enable fault tolerant quantum computation even when
unprotected gates are above threshold.
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