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@ introduction: optimal control

» terminology & basic concepts
» functionals: how to convey the physics to the algorithm

© a functional to optimize the entangling power of
two-qubit gates
» local equivalence classes
» the new functional
» 2nd order Krotov algorithm

© application to a Rydberg gate in cold atoms

© where can we go from here?



some terminology

& basics of
optimal control



coherent control

quantum mechanics £ probabilistic, but
deterministic theory

W(t _ 0)> Schrb'dirfjiq’uation W(t > O)>

given an initial state,
[¢(t = 0)) or At = 0),
which dynamics (£ which H)
guarantees a particular outcome,
|9(t > 0)) or p(t >0) ?




principle of coherent control
wave properties of matter

(superposition principle)

variation of phase between different, but
indistinguishable quantum pathways

'

constructive destructive
interference in interference in all
desired channel other channels

final goal: understanding the intricate workings
of quantum interferences



principle of coherent control (rev’d)

wave properties of matter interacting quantum
(superposition principle) (sub)systems

variation of phase between different, but
indistinguishable quantum pathways

'

constructive destructive
interference in interference in all
desired channel other channels

final goal: understanding the intricate workings
of interferences & entanglement



coherent control

@ goal: improve outcome
of process

@ vary some parameters

‘

simple, intuitive schemes
bichromatic c., pump-dump, STIRAP

in time or in frequency
domain

& optimal control



coherent control

@ goal: improve outcome
of process

@ vary some parameters

‘

simple, intuitive schemes
bichromatic c., pump-dump, STIRAP

in time or in frequency
domain

& optimal control

@ goal: obtain maximum
control over process

@ tune ‘all’ available
parameters

'

complex outcome —
discovery of new schemes

not necessarily accessible by intuition

in time / frequency
“phase space”
global or local in time



classical vs quantum control

coherent

control




classical vs quantum control

optimal control theory
(based on variational calculus)

‘ coherent

control




let’s put philosophy aside

work out the tools

- they will be needed anyhow -



optimal control theory
time/frequency 'phasespace’ picture

t=0 t=1T
i) = )

inverse problem:
given the target and the equations of motion,
calculate the field




optimal control theory
time/frequency 'phasespace’ picture

t=20 t=T
©i) N ©f)

inverse problem:
given the target and the equations of motion,
calculate the field

local in time  global in time
impose 2 conditions (for phase  information from dynamics
and amplitude) —ederive  throughout time interval to reach
equations for field  desired target at final T

also: Lyapunov control / tracking OCT



optimal control theory

t=20 t=T
i) NN er)

define the objective :

GOAL = [|(i| 07 (T, 0; €)|pr) |2 = —F

as a functional of the field €



optimal control theory: variants

variational approach

@ ‘guess’ the right
functional,
including egs. of
motion & phasefactors

@ do the variations to
obtain egs. of motion
and eq. for the field

@ ‘guess’ the correct
time discretization s.t.

method converges

W. Zhu, J. Botina, H. Rabitz,
JCP 108, 1953 (1998)




optimal control theory: variants

variational approach

@ ‘guess’ the right
functional,
including egs. of
motion & phasefactors

@ do the variations to
obtain egs. of motion
and eq. for the field

@ ‘guess’ the correct
time discretization s.t.

method converges

W. Zhu, J. Botina, H. Rabitz,
JCP 108, 1953 (1998)

Krotov method

@ ingredients: objective
+ constraint(s) + egs.
of motion

@ construct auxiliary
functional L with auxil.
potential to guarantee
monoton. convergence

@ derive the eq. for &(t)
from the minimization
of L

Sklarz & Tannor, PRA 66, 053619
(2002), Palao & Kosloff, PRA 68,
062308 (2003)




optimal control theory: schemes
improve the field by

Ae/ti(t) =
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A§(t) €0
interference between 1 ¢f
N
past and future events ! :
0 t T

variational approach & Krotov method lead to similar schemes
Maday & Turinici, JCP 118, 8191 (2003) & work by N.C. Nielsen group



optimal control theory: schemes
improve the field by

AelT(t) =
A+ ] A A A .
0 3m | (i 0°(7,0:¢) o) (gl 0" (8 Tiol) o 0(8,0:67) o) |
—_————
forward backward forward

propagation (1) propagation (2) propagation (3)

A§(t) €0
interference between 1 ¢f
N
past and future events ! :
0 t T

variational approach & Krotov method lead to similar schemes
Maday & Turinici, JCP 118, 8191 (2003) & work by N.C. Nielsen group
to date: reduced Krotov method only (1st order variant)



functionals
or

how to convey the desired physics
to the OCT algorithm



objective functionals / costs

J[{pr(), pi(8)}, e(8)] =
Jr{en(T), ei(T)H + Je {on(2), ei(t) ), £(t)]

final-time target intermediate-time target
time-dependent cost
state-dependent cost

functionals of the field e(t)
@ explicitly

e implicitly through ox(t), wr(T)



final-time objectives Jr

(i) state-to-state transfer

(i1) unitary transformation



final-time objectives Jr

(i) state-to-state transfer

(i1) unitary transformation

goal: perform a two-qubit gate on the logical basis



example: phasegate for two Ca atoms

qubit encoding: Py ja)
wr, = 23652 (tml/ 1P3 — [}

Lgy +— o)




example: phasegate for two Ca atoms

qubit encoding: Py ja)
wr, = 23652 (tml/ 1P3 — [}

two-atom Hamiltonian: 1S +—10
Ey 0 pe(t)
Hy=| 0 By 0 | ® 113 ® 1g+
pe(t) 0 Eq
Ey 0 pe(t)
+1,01,0 | 0 B 0 |+
pe(t) 0 Eq

% Z Vi (|2g — 1) + Z Vi;{]if]}(ifla )
1] ij



example: phasegate for two Ca atoms

qubit encoding:

a)
wr, = 23652 (tml/ 1P3 — 1)
1S, |0)

two-atom Hamiltonian:

lal) [1a)

|11) J
\ao -
01) |10)
00)
[00) target |01} target  |10) target  |11) target \fi .




example: phasegate for two Ca atoms

target: true two-qubit phase
X = ¢o0 — o1 — P10 + P11

d=5nm
T/ps iters F  y/m |00) pur.
1.23 41 0622 0.162 0.844
200 15 0639 0.190 | 0.807
5.00 15 0.719 0.354 | 0.589
8.00 15 0.787 0.560 | 0.367
1236 50 0.779 0.662 0.229
15.00 200 0.773 0.783 0.343
30.00 4 0630 0174  0.014
50.00 10 0.653 0.266  0.000
150.00 20 0.898 0.982 0.639
290.00 70 0.984 1.004 0.936
430.00 40 0.998 0.998 | 0.991
800.00 30 0.999 0.998 0.997




example: phasegate for two Ca atoms

target: true two-qubit phase
X = ¢o0 — o1 — P10 + P11

d = 200 nm: scaling up interaction C3
T/ps Cs iters F  x/m ]00) pur.
0.5 1x 105 40 0.582 0.027 0.996
0.5 4x10% 40 0.684 0.655 0.289
0.5 8x10% 40 0.549 0.853 0.042
0.5 1.6x10° 40 0.523 0.880 0.025
1.0 1x10° 40 0.579 0.023 0.998
1.0 4x108 40 0.607 0.810 0.085
1.0 8x10% 40 0.568 0.866 0.045
1.0 1.6 x 10° 40 0.555 0.874 0.033




example: phasegate for two Ca atoms

target: true two-qubit phase
X = ®o0 — Po1 — P10 + P11

d = 200 nm: scaling up interaction C3

T/ps C3 itees F  yx/m ]00) pur.
0.5 1x10° 40 0582 0.027  0.996
05 4x10% 40 0684 0.655 | 0.289 ’
05 8x108 40 0549 0.853 | 0.042
05 1.6x10° 40 0523 0.880  0.025
10 1x10% 40 0579 0.023  0.998
10 4x10% 40 0607 0.810 | 0.085 ’
10 8x10% 40 0.568 0.866 | 0.045
10 1.6x10° 40 0555 0874  0.033

limiting factor for fast gate:

sufficient time to resolve GS motional dynamics

(will play a role in any scheme based on resonant excitation)



example: phasegate for two Ca atoms

target: true two-qubit phase
X = ®o0 — Po1 — P10 + P11

d = 200 nm: scaling up interaction C3

T/ps C3 itees F  yx/m ]00) pur.
0.5 1x10° 40 0582 0.027  0.996
05 4x10% 40 0.684 0.655 | 0.289 ’
05 8x108 40 0549 0.853 | 0.042
05 1.6x10° 40 0523 0.880  0.025
10 1x10% 40 0579 0.023  0.998
10 4x10% 40 0607 0.810 | 0.085 ’

1.0 8x10% 40 0.568 0.866 | 0.045
10 1.6x 107 40 0555 0.874  0.033

limiting factor for fast gate:

sufficient time to resolve GS motional dynamics

(will play a role in any scheme based on resonant excitation)

what about flexibility in single-qubit phases?



final-time objectives Jr

A Adta A A
Jr = —S0%e [Tr {O+PNU(T,O; s)PNH
real-valued, phase-sensitive functional

o Py projector on
subspace of O

o U(T,0;¢) actual time
evolution

0] target operator
@ )y weight
o N =dim{0}



final-time objectives Jr

A Adta A A
Jr = —S0%e [Tr {O+PNU(T,O; s)PNH
real-valued, phase-sensitive functional

o Py projector on
subspace of O

o U(T,0;¢) actual time
evolution

0] target operator
@ )y weight
o N =dim{0}

@ state-to-state transfer: O = | Prarget) (Prarget|, N =1
@ single-qubit gate: N = 2, two-qubit gate: N =4

cf. Palao & Kosloff, PRA 68, 062308 (2003)



intermediate-time objectives J;

assumption: additive costs

Ji= / (g le(0)] + g [o(t), &7 (1)]} dt



intermediate-time objectives J;

assumption: additive costs

Ji= / (g le(0)] + g [o(t), &7 (1)]} dt

examples
g [e()] = X.5(t) [e(t) — ewer(D)]’

@ minimization of field intensity (e.¢(t) = 0) or change in field
intensity (€yet(t) = €oid)
@ choice of ¢,.(t) determines update vs replacement rule !



intermediate-time objectives J;

assumption: additive costs

Ji= / (g le(0)] + g [o(t), &7 (1)]} dt

examples

2
8 [e(t)] = Aa5(t) [e(t) — exet(2)]
@ minimization of field intensity (e.¢(t) = 0) or change in field
intensity (€yet(t) = €oid)
@ choice of ¢,.(t) determines update vs replacement rule !

&b [o(1), " (£)] = Ao ((£)[D(2) (1))
@ D(t) target operator
@ )., )\, weights, S(t) switch/shape function



time-dependent targets

g6 [2(t), ¢ ()] = Molp(2)[D(2)] (1))

prescribing a desired

evolution

D(t) = [6)(6|O(Ty—1t)+
[1)(1|e(t — T1)O(T> — t) +
[7)(7|0(t — T2)O(T3 — t) +
12)(2[6(t — T3)O(T —t)

Ndong, Tal-Ezer, Kosloff, CPK,
JCP 130, 124108 (2009)



time-dependent targets

g6 [2(t), ¢ ()] = Molp(2)[D(2)] (1))

prescribing a desired keeping the dynamics in
evolution a subspace

S/

6)(6|0(T1 — 1) +
1)(1/0(t — T1)O(T> — t) +
7(716( )
2)(216(

forbidden

V(R)

D(t) =

7|6 t— T (T37t)
210(t — T3)O(T —t)

Ndong, Tal-Ezer, Kosloff, CPK,
JCP 130, 124108 (2009)

Palao, Kosloff, CPK,
PRA 77, 063412 (2008)



where are we? outline!

@ introduction: optimal control

» terminology & basic concepts
» functionals: how to convey the physics to the algorithm

© a functional to optimize the entangling power of
two-qubit gates
» local equivalence classes
» the new functional
» 2nd order Krotov algorithm

© application to a Rydberg gate in cold atoms

© where can we go from here?



local equivalence classes



classification of two-qubit gates

G = SU(4) group of all two-qubit gates

K = SU(2) ® SU(2) local gates

G/K = SU(4)/SU(2) & SU(2) su(4) =tdp
non-local gates

— Cartan decomposition of Lie algebras

Local gates
SU@2)® SU(2)

A 1
Perfect entanglers

C .= GHiEE
g U=kje 24i=xyz9%%k,
o (/f \

Non-local gates /
SUM\SU22) SU(2) /

U, = k;Uzk;
o SWAP
Zhang, Vala, Sastry, Whaley,

PRA 67, 042313 (2003) Yuan & Khaneja, PRA 72, 040301 (2005)



local invariants

505

= Q OQ (i.e. U in Bell basis)

o C>
®

g1 = PReTr[m]?/16 det(0)
8 Jm Tr[h]?/16 det(0)
gz = Tr[Mm]? — Tr[m?/4det(0)

g1, &, g3 define local equivalence class [ﬂ],

i.e. a class of two-qubit gates that are equivalent
up to local (single-qubit) operations

Zhang, Vala, Sastry, Whaley, PRA 67, 042313 (2003)



3-Torus

symmetry
reduction

There 1s a one-to-one correspondence
between the points inside the Weyl
chamber and local equivalence classes

Weyl chamber

Cartan decomposition
U=KAk -k, exp[zL(cl o lo?+c, 0107 +c,0,'0] k,
Local invariants

g,= cosc,cosc,cos ¢ J. Zhang, J. Vala, S.Sastry, K.B. Whaley

Phys. Rev. A 67, 042313 (2003)
g, =  Sincpsin cy Sincy

8,= 2 (cos?c, +cos?c,+ cos?cy) -3

g,.g, and g, are mvariant with permutation of ¢, c,, and ¢,
with/without sign flips

SWAP

T {
2'2' 27

Weyl chamber

s




the new functional



optimization target [0] instead of O

(old) functional to obtain O

Jr = =20 [ {0 Bu0(T.0;2)Pw}]

(new) functional to obtain [0]

2 2 2
Jr=Ag"+ Ag" + Ags
with Agi? = |gi(0) — g,'(l’J)|2 and g;(0) the local invariants of O




optimization target [0] instead of O

(old) functional to obtain O

Jr = =20 [ {0 Bu0(T.0;2)Pw}]

(new) functional to obtain [0]

Jr=D0g° + 0g° + Ags®
with Agi? = |gi(0) — g,'(l':l)|2 and g;(0) the local invariants of O

remember:
J = J[{ei(t), pr(t)}, e(1)]

to carry out variations, we need to express g; in terms of ¢(t)



functional based on local invariants

using the definition of the invariants and of the Bell basis



functional based on local invariants

using the definition of the invariants and of the Bell basis
and after quite some algebra



functional based on local invariants

using the definition of the invariants and of the Bell basis
and after quite some algebra

Jr=R+G+E+F+Fh |




functional based on local invariants

fi

f2

f3

fa

using the definition of the invariants and of the Bell basis

and after quite some algebra

Jr=R+ G+ 5+ +F

5 S+ A% 241 (@A) (4 5)

%Hmﬁ (a1-5) o8 (a- 3)

LS @& BF 2w -4 (a A (a0 F) - @@ - (5 A)?
kI



functional based on local invariants

fi

f2

f3

fa

using the definition of the invariants and of the Bell basis

and after quite some algebra

Jr=R+ G+ 5+ +F

with ag = Tr* (o) /16 det(0) and by = [ Tr? (tho) — Tr (3)] /4 det(0)

(a)m = Re[(mon(T))] (Bk)m = Tm [(mle(T))], m=1,..., dim(H)



functional based on local invariants

fi

f2

f3

fa

h:ﬁ+§+§+ﬁ+éj

1
1
" |
+2 (8 - &) (*k 5/) +4 (8 - &) (Ek B
1
4

Jm [bg det(U)} -

with a9 = Tr* (o) /16 det(0) and by = [ Tr* (o) — Tr (3)] /4 det(0)

(ak)m = Re [(mlee(T)], (B)m = Tm[(mlew(T))], m=1,..., dim(H)

problem:



functional based on local invariants

fi

f

f3

fa

Jr=R+G+E++6 |

Re [a0 det(0] % ara; + Bid —2ai 87 — 4 (ax - Bi) (@ - 5))
[H]
Im [a0 det(0)] — L (@ - 8)) — 48 (@ 8)
PHl
Re [bo det(l])] - %Z&iu? + GRB7 —2a2f7 — 4 (OYk Ek) (&/ 5/) — (k@) — (Ek 5/)2
PN

|
+2 (8 - &) (Ek 5/) +4(ay - ) (Ek B

Jm [bo det(U)} - % 4a;, (5?/ : ﬁ/) — 45, (55/ : 51) —4(ak - ay) (d'k ﬁ/) +4 (/Bk ﬁ/) (ﬂk : 51)

with a9 = Tr* (o) /16 det(0) and by = [ Tr* (o) — Tr (3)] /4 det(0)

(ak)m = Re [(mlee(T)], (B)m = Tm[(mlew(T))], m=1,..., dim(H)

problem: Jr is 8th degree polynomial in
{ak, Bk}, resp. {|vx)} ™ non-convex



optimization of non-convex
functionals

(old) functional to obtain O (new) functional to

A\ . A obtain [O]

Jr=—2Re [Tr{O PyO(T,0;2)Py
N [ { H Jr = 0g’ + Dg® + Agy?

quadratic non-convex

for non-convex functionals
@ local optima may exist
@ how to ensure monotonic convergence?



2nd order
Krotov algorithm



basic concept

@ ingredients:
» final-time target Jrlpr, 07l

» time-dep. targets / costs gale] + gu[eo(t), *(1)]
» equations of motion

ihgle(t)) = A()le(t)  [e(t)) = liwo)

Sklarz & Tannor, PRA 66, 053619 (2002)



basic concept

@ ingredients:
» final-time target Jrler, ¥l
» time-dep. targets / costs gale] + gu[eo(t), *(1)]
» equations of motion

ihgle(t)) = A()le(t)  [e(t)) = liwo)

@ construction of auxiliary functional L
Ll " e, 9] = J[p, ", €]
choose arbitrary scalar potential ®[p, ©*, t] such that
L[g@i, 90*’[, 6", (D] > L[QOH_I, (p*,i—i-l’ €i+1, q)]

=3 building in monotonic convergence

Sklarz & Tannor, PRA 66, 053619 (2002)



auxiliary functional L
Lp g e8] = Glo(T), 2" (T)] - @[o(0). *(0). 0]
- / RIo(t). & (1), €(t). t]dt

final-time contribution:
Gp(T), " (T)] = Jrle(T), " (T)] + ®lp(T), ¢*(T), T]



auxiliary functional L
o oe0] = Gla(T), " (T)] - @[4(0), #°(0).0
- [ Rtoto). @ ) e
final-time contribution:

Gp(T), " (T)] = Jrle(T), " (T)] + ®lp(T), ¢*(T), T]
intermediate-time contribution:

Rlp(t), 9" (2),e(t), ] = — (ga[E(t)] + &blp(t), w*(t)])

-
+§ + ; [ka¢ . fk[%%"*a €, t]

+V o ® - i, 0" € t]}



auxiliary functional L
o oe0] = Gla(T), " (T)] - @[4(0), #°(0).0
- [ Rtoto). @ ) e
final-time contribution:

Gp(T), " (T)] = Jrle(T), " (T)] + ®lp(T), ¢*(T), T]
intermediate-time contribution:

Rlp(t), 9" (2),e(t), ] = — (ga[E(t)] + &blp(t), w*(t)])

-
+§ + ; [v¢k¢ . fk[s07Q0*a €, t]

+V o ® - i, 0", €, 1]
the choice of ®[p(t), ¢*(t), t] completely determines G, R, L



central idea of Krotov’'s method

@ goal: minimization of L, resp. Jr

two-step solution

@ we need an extremum in &' ~
VGl =0 and VzR| =0

M equation for backward propagation

d N
SR = —3T(1) W) + Vi (6,50, ¢0)

X(T) = —VaJr (¢(T))



central idea of Krotov’'s method

© we want a minimum of L, i.e. minimum of G & maximum of R
but L is changed by both changes in ¢
and changes in €

Krotov's solution

Konnov & Krotov, Automation Remote Control 60, 10 (1999)



central idea of Krotov’'s method

© we want a minimum of L, i.e. minimum of G & maximum of R
but L is changed by both changes in ¢
and changes in €

Krotov's solution

(i) choose ® at the extremum, &, such that it is the worst
possible choice with respect to any change in the states
maximize L when going from @' to G'*! for fixed €

Konnov & Krotov, Automation Remote Control 60, 10 (1999)



central idea of Krotov’'s method

© we want a minimum of L, i.e. minimum of G & maximum of R
but L is changed by both changes in ¢
and changes in €

Krotov's solution

(i) choose ® at the extremum, &, such that it is the worst
possible choice with respect to any change in the states
maximize L when going from @' to G'*! for fixed €

(ii) then any change in the field from €' to ¢! will lead to a
minimization of L

D (t) = arg max R(@(t)01, e(t), t) or
e(t

OR |

= (¢ 1) (1) t) =0
€

PR i i
) @ (95( +1),6( H), t) <0

Konnov & Krotov, Automation Remote Control 60, 10 (1999)



central idea of Krotov’'s method

Krotov's solution

(i) optimization with respect to change in states is translated into
construction of ® at the extremum &'

(i) convergence for step in field, €() — (1) assured globally for
R by

% ((ﬁ(i—i-l)’ (1), t) =0
ACR - R (@»(iJrl)’ €(i+1)7 t) - R (@'(I'Jrl)7 6(i)7 t) Z 0

a global optimum would be found, if we could actually
implement

() = argmax R (A(6) Y. (2). 1)
e(t



Krotov’s step (i)

second order
construction of ¢



Krotov's ansatz
construct ¢ to second order in the states |¢

éﬁ( Dyt )

1

I+1)>

O(t, D, )

N~

N
1 i+1) i+1) i
+5g; A = d1eu(t)le ™ — o)



Krotov’'s ansatz

construct ¢ to second order in the states |¢ 'H)}
1 . .
o(t, oY, o) = EZ( )+ <90(k'“)|x(k')>)
k=1

N
1 i+1) i+1) i
+3 Z e = deu)le ™ — o)

choose & (t) such that

maximum condition for G and minimum condition for R are fulfilled

@ Krotov: constructive proof for global conditions

6(t) = (a (™0 -1) +8) 1=0(t) 1

Konnov & Krotov, Automation Remote Control 60, 10 (1999)



construction of & (t)

@ can be done locally or globally

@ Sklarz/Tannor's discussion local
(but results coincide with global derivation due to
choice of Jr)

@ Krotov: constructive proof for global conditions

@ derivation for global conditions leads to much
simpler solution for fourth-degree tensor &

5(t) = (a (70 -1) +5) 1 =0(r) 1



Krotov’s proof

main idea: assure that nothing goes wrong
for very large & very small 4 and very large ¢

If:
@ The right-hand side of the equation of motion, f (t, 3, ), is bounded.
Specifically, for large values of the state vector, J, the right-hand side of

the equations of motion does not grow faster than quadratically with
respect to ||| for all t and possible fields e.

© The Jacobian of the right-hand side of the equations of motion, J, is
bounded for any time t, field € and state vector .

© The functionals J7(3) and g (e, @, t) are twice differentiable and
bounded. In particular, for large values of the state vector 3, the
functionals Jr and g do not grow faster than quadratically with respect

to [7]]. then

&(t) = (a (T -1) +5) 1 =0(t) 1
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quantum control

e state vectors @), 1) inherently bounded

@ N boundedness conditions already guaranteed if
f(t,3,¢), d, Jr(P) and g (¢, &, t) regular

@ change in states € compact subset of R?"M

A

gm h w



—

fulfilling AG(¢)) <0

= (UM B) + 2o (F-6) + 7 (A9 +8) — 7 (1))

2
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fulfilling AG(¢¥) < 0

a6 (3) = ((1)-d) + 501 (5-8) + o7 (A +8) ~ 47 (8T




—

fulfilling AR(1)) > 0
sA(fn) = (0-50) 30 (G0 )

+ (7)) + o) ())

for 15: 0: AR (6, t) =0Vt
for 1/77& 0:



—

fulfilling AR( ) >
r(d0) = (i10-500) + 210 ()

+ (R0 + e w( )) (J( ) t)) - Ag (1), ¢)
for ) = 0: AR (6, r) — 0Vt
for 1575 0:
AR (U(e),t) = (9(e)-(0)

B = sup
P(£)ER2VMtc[0, T

c = inf
P(t)ERNM; [0, T] (1/J(t)' (1)



—

fulfilling AR(1)) > 0
sA(fn) = (0-50) 30 (G0 )

+ (R0 +o(6)d ())

for 15: 0: AR (6, t) =0Vt

for z/?;é 0:
F(e)eremecio, 1] | Y () - ¥(t)
o XO-H0+x() AT - Ag

B(t)ER2WM [0, T] ("/}(t 1/7 )

1.
55(t) = lo () B+ C > 0 J




maximizing L wrt Ay

o(T) < —2A
1

§d(t)—|0(t)'BI+C > 0
one solution

o) = BTD (g . ;\) .

with B =2B + 4, C = min(—§,2C — 6) and A = max (e,2A +¢)

@1 O

or more generally

J(t):oz<e7(Tt >+ﬁ



how to get A, B, C ?

A, B, C are Taylor expansions of certain quantities starting
at the first or second order

~ estimate the remainder (Lagrange’s form)

W@ =3 =@ w)(#7) 5+ Re, (1)

lal<n-1
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wg)= 3 @ w) (#9) 0+ Ry, (4)

lal<n-1

R (4) < MY (60) 5 Jo] = n

MW (@(i)) = sup |0°W (tﬁ(i) —HE)

b, |ol=n
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how to get A, B, C ?

A, B, C are Taylor expansions of certain quantities starting
at the first or second order

~ estimate the remainder (Lagrange’s form)

wg)= 3 @ w) (#9) 0+ Ry, (4)

le|<n-1

R (4) < MY (60) 5 Jo] = n

M, (ﬁ’)) = sup
¥,lal=n

oW (tﬁ(i) + J) ,

estimate that is independent of @)

/\/I,‘,/V: sup M, (cﬁ(’))
PFNex



estimate of A

Jr2

P (7e)

estimate Jr, by its Lagrange remainder:

A—sup

1 1
A< EMQJT =3 sup
¥ilal=2

747 ()



estimate of A

Jr2

P (7e)

estimate Jr, by its Lagrange remainder:

A—sup

1 1
A< EMQJT =3 sup
ylal=2

747 ()

for functionals Jr that are linear or quadratic in ¢
A=0



estimate of B

o (4]

+  sup H( ),e(i),t>

4(t);te]0,T] mat

B < Xsup




estimate of B

o (4)]

+ sup Hw (J(t), e, t) ‘

$();t€[0,T]

B < Xsup
¢

mat

for Hamiltonians that do not depend on the state

B = sup = =
Gite[0,T] U(t) - (t)
— (1) t
Sup o (€2, 0 e

~ for unitary evolution: B =0
~ for non-unitary evolution: max. eigenvalue



estimate of C

t t
—C<  sup X(t) sup &

(t):t€(0, 7] (w ) B(e)itelo,T] (H t) - q(t)>

ra(d)]

" 1
~C< sup (M- IR(B)]) + 5 sup
te[0, 7] P lal=2




estimate of C

s My

P(t);te0,T] (1;( ) - (t) ¥(t);te[0,T] (w(t) ( ))

v (i)

for state-independent H and g depending on ¢ only up to linear
order : w; =0and g =0

. 1
~C< sup (M- IX(OI) +5 sup
te[0,T] P, |al=2

C=0



estimate of C

—

—C< sup Y(tq)'mq (t)+ sup %
P(t);te[0,T] ( (t)wﬂ(t)) P(t);t€[0,T] (w(t)‘¢(t)>

ra (i)

for state-independent H and g depending on ¢ only up to linear
order : w; =0and g =0

. 1
~C < sup (M7 - [X(8)]) +5 sup
t€[0, 7] P lal=2

C=0

~ for certain (1) functionals and EoMs: A=0& B=0& C=0
M o(t) = 0 and the second order contribution to ¢ vanishes:
Palao-Kosloff version of Krotov method (Krotov-PK)

(still ensuring monotonic convergence globally)



Krotov's step (ii)

second order
construction of ¢



equation for the field

remember

%_f: (D ) 1) = 0

AR=R (@(i-l-l)’e(i—i-l)’ t) - R (@'(i—l—l) (1) t) >0

equations of motion in basis set expansion: 2M X 2M matrix
KR gkl
ok = <7,/k,/ HI/:I,R >
first order condition yields:

i+1 _ ()ann (I+1)
6(+)(t)—6ref(t)+2/\s { ZZ Xim ™3¢ Phkn

k=1 m,n=1

Z Z A<)Ol(m A(Pkn}
k=1 m,n=1




we now have an algorithm

that is monotonically
convergent

for arbitary
targets/constraints
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remark: combine Krotov with BFGS

© Quasi-Newton algorithms are approximate solutions to an
extremization problem using information from the second-order
Taylor expansion of the function

© BFGS is a quasi-Newton algorithm using a rank-two update
formula involving only gradient information to approximate the
(inverse) Hessian
for convex functions it is globally and monotonically
convergent if supplemented by a line search fulfilling the Wolfe
conditions

© L-BFGS uses only information from the gradients and state
vectors of previous steps to solve the memory problem in
storing the approximate inverse Hessian
under certain additional assumptions convergence remains
monotonic



remark: combine Krotov with BFGS

remember:

N  2M
A _ mn (I+1)
6(t)Krotov — 2)\ S Z Z
k=1 m,n=1
N 2M

+o()> > Ao

k=1 m,n=1

A@kn}




remark: combine Krotov with BFGS

remember:

L ann (I+1)
Ae(t)Krotov = 2)\ S Z Z km e Pkn

k=1 =

(033 L

k=1 m,n=1

k
mn AﬂPkn}
€

compare gradient ascent w/ BFGS (for linear dependence of H on el):

2M

N
Ae(t)gres = Z Z X 'n with B(t) approximated Hessian
k=1 m,n=1




remark: combine Krotov with BFGS

remember:

L ann (I+1)
A€(t)Krotov = 2)\ S Z Z km e Pkn

k=1 m,n=
Qk
mn A n
De Pk }

A9 S Ao
compare gradient ascent w/ BFGS (for linear dependence of H on el):

k=1 m,n=1

N 2M
Ae(t)gres = Z Z 'n with B(t) approximated Hessian J
k=1 m,n=1

~ choose )\,S(t) according to L-BFGS

this does not affect the monotonicity that is
ensured by Krotov’s construction



where are we ? outline !

@ introduction: optimal control

» terminology & basic concepts
» functionals: how to convey the physics to the algorithm

© a functional to optimize the entangling power of
two-qubit gates
» local equivalence classes
» the new functional
» 2nd order Krotov algorithm

© application to a Rydberg gate in cold atoms

© where can we go from here?



Rydberg qubits

one-atom level scheme
) ey e

Qr

|4)

Qp(t)

1)
0)  —

optical tweezers

Gaetan et al., Nat. Phys. 5, 115 (2009)



Rydberg qubits

one-atom level scheme one-atom Hamiltonian

Ir) —
Qr
: ~ (1
) A% = (00 e (Tr+ V2,®)
Qp(t)
" — e (Fe+ Vi, @)

0)  —

il (Te+ Viny(P)

(£) (10) (7] + ) {01) @ pu(F)
| - 1(rl @ (Tt Vip(P)
- ) +er (1) (r] + ) (i]) ® u(#)

+

optical tweezers €8

_|_

i T2

Gaetan et al., Nat. Phys. 5, 115 (2009)



one-atom level scheme

)
|©)

1)
|0)

Rydberg qubits

Qg

Qp(t)

two-atom level scheme
lrr) ¥
i u
......... .
u=u(lrn —r)
ri)+|ir)
[r0)+{0r)
[r1) if)
it} |i0)+|0i)
|11} o1y 00)

Jaksch et al., PRL 85, 2208 (2000)



Rydberg qubits

one-atom level scheme two-atom level scheme
|7) —
2 — T
B b
el u=u(lrn —rf) -
1)
|0> ri)+|ir)
two-atom Hamiltonian 010
~ ~ (1)
H = Hl ®]14,2®]1f’2 Irt)
[40)+]04)

A (1
+14; ® 1, ® Hg :
Jat}

~(1,2)
(12) +Hint
~ (1,2 Up - -
Hint — ‘rr> <rr| ® — PE 1) o1} oa)
’rl — Jaksch et al., PRL 85, 2208 (2000)




controlled Rydberg phasegate

gate time T=20ns

functional to obtain O functional to obtain [0]

1 —1 1 T — ——1
05 05 |00> ’_\ 7@ os

1 '1-1 05 : 05 1 -1 : 05 ? 05 : 1'1
05 05 0_5; 110> \% 7/|g \\0_5
0 o = X0
_1: 1 _17 L | L ] 1 1




controlled Rydberg phasegate

gate time T=20ns

functional to obtain O functional to obtain [0]

1 T 1

o

[=:]

o o

(2] fos]
>

pulse envelope
o
.

o
N
pulse envelope
o
N

ST

L
o

5 15 20 15 20

10 10
time[ ns] time[ ns]

F = 0.993 ) F =0.996




controlled Rydberg phasegate

approaching the quantum speed limit

1x10°
1x10™ E
N T=15ns 1
S, .2l
5 1x10°F
1x10°F
-4 L | L | L | L | L
1x10 ¢ 1000 2000 3000 4000 5000

iterations



controlled Rydberg phasegate

to be continued
@ analyse error sources
@ check role of pulse parametrization

@ test with Hamiltonian allowing for
non-diagonal O

Qr

: at 2
-QB (f) atom 1 atom

1) -_ @) O,

) —t—
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summary

optimal control is an extremely versatile tool but
you need to know how to ask questions!

@ we derived a new class of optimization functionals
suitable for quantum information purposes

@ based on geometric classification of entangling
operations (Cartan decomposition & representation
in Weyl chamber)

@ requires optimization algorithm ensuring monotonic
convergence — 2nd order Krotov method

@ first results for a Rydberg gate encouraging
o full power of approach still needs to be explored
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where can we go from here?

@ optimize for the complete Weyl chamber, i.e. for an
arbitrary perfect entangler

» problem: no simple inversion of g1, 82,83 — ¢1, ¢, C3

» solution: define ellipsoid in g-space containing almost
all of the Weyl chamber

© optimize for a specified trajectory in the Weyl
chamber

Q ...



thank you !



