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Abstract

Electronic states in designed geometries are attracting considerable attention.

In this work, it is shown that it may be possible to induce ultrafast mechanical

rotation in nanotubes using circularly polarized light. We predict a novel set of

Rydberg-like electronic states around nanotubes having long lifetimes and

exotic properties. Preliminary work on the interaction of slow electrons with an

array of parallel nanotubes is discussed.

1. Introduction

Technological leaps of the last two decades have opened
windows of opportunity for designing and controlling
electronic states in novel systems. The fabrication of
quantum dots in semiconductor devices has led to the
invention of single-electron transistors [1,2] and control-
lable single photon emitters [3]. Multielectron shell
structure has emerged from studies of magnetic-field
induced transitions in quantum dots [4]. Such designer
atoms are ideal settings for the control and manipulation of
electronic states.
Carbon nanotubes were first synthesized in 1991 by

Iijima [5] as graphitic carbon needles, ranging from 4 to 30
nanometers in diameter and up to one micron in length
using carbon arc evaporation and condensation in a soot.
Carbon nanotubes have remarkable electrical and mechan-
ical properties. Depending on their microscopic structure,
they can be made to conduct electricity and heat, inhibit
the conduction of electricity, or act as semiconductors.
Experiments have found that carbon nanotubes have an
average modulus of elasticity of about 1000 gigapascals
(GPa) [6] (note that the Young’s modulus for typical steel is
a few hundred GPa). Thus, carbon nanotubes are not only
more flexible than steel, they are a few times stronger as
well. Nanotubes can be used effectively act as chimneys,
conducting heat from integrated circuits and hence cooling
them. As the largest non-biological molecules, carbon
nanotubes inherit their remarkable mechanical properties
from the strong carbon covalent bonds, where two
electrons are shared with the nearest neighbor carbon
atoms. Furthermore, because carbon nanotubes are well
rounded, they do not have discontinuities and/or disloca-
tions to initiate fractures and form cracks.
A carbon nanotube (CNT) is constructed by rolling a

graphene sheet, defined by its primitive lattice vectors, a1
and a2; along a vector Ch; the so-called chiral vector,
around an axial or translation vector T (see Fig. 1).

The chiral vector,

Ch ¼ na1 þma2 � ðn;mÞ;

and translation vector,

T ¼
ð2mþ nÞ

dR
a1 �

ð2nþmÞ

dR
a2

� �
;

are determined by two lattice indices, n and m: Here,

dR ¼
3dnm if n�m ¼ 3qdnm
dnm if n�m 6¼ 3qdnm

� �

where q is an integer, dR is the greatest common divisor of
2nþm and 2mþ n; and dnm is the greatest common divisor
of n and m:

The diameter of an ðn;mÞ CNT is d ¼ Ch=�; where Ch ¼ffiffiffi
3

p
ac�c½m

2 þ n2 �mn�1=2 is the magnitude of the chiral
vector, and ac�c ¼ 1:42 is the carbon–carbon bond length.
The chirality of a nanotube is characterized by the chiral
angle,

� ¼ tan�1 ½
ffiffiffi
3

p
m=ðmþ 2nÞ�;

which is the angle between the vectors Ch and a1:
Nanotubes having either (but not both) m ¼ 0 or n ¼ 0

have � ¼ 0� and are called zigzag nanotubes due to the
zigzag nature of the bonds at the tube ends. Likewise, tubes
with n ¼ m have � ¼ 30� and are called armchair tubes
[7,8]. All other tubes with n 6¼ m are called chiral
nanotubes. One of the most remarkable properties of
carbon nanotubes is that depending on their chirality,
conducting, semiconducting or insulating nanotubes are
possible [9]. For armchair and zigzag nanotubes, and when
ðn�mÞ is divisible by 3, the tube conducts. Otherwise
semiconducting nanotubes form. For chiral nanotubes, i.e.
ðm 6¼ nÞ; if ð2nþmÞ=3 or equivalently ðn�mÞ=3 is an
integer, metallic tubes form. Experiments [10,11] have
observed that the IV curve (current vs. voltage) for a (11,2)
CNT is a monotonically increasing function of the bias
voltage, indicating a metallic structure; a fact that is also
consistent with the ð2nþmÞ=3 ¼ 8 being an integer, see
Fig. 2. The measured angle was � ¼ �8:0� 0:5�; whereas
the calculated value is � ¼ �8:2�:

The number of hexagons, N; per unit tube cell can be
written down as

N ¼ 2ðn2 þm2 þ nmÞ=dR ð1Þ

with dR defined previously. For instance, the single-walled
(10,10) carbon nanotube has N ¼ 20 and since each
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hexagon has two full carbon atoms, the total number of
atoms in one unit of a (10,10) CNT is Nc ¼ 40: For a (9,0)
CNT, N ¼ 18: There are 10 valence and conduction
electrons, with two non-degenerate and eight doubly-
degenerate levels; for a total of 18 states (see Fig. 3).
Both the (10,10) armchair and (9,0) zigzag nanotubes are
conducting nanotubes.
The one-dimensional energy dispersion relations in Fig.

3 are labeled by their irreducible representations of the

point groups, Dnd or Dnh; depending upon whether there

are even or odd numbers of bands at the � point at k ¼ 0

respectively. The a-bands are nondegenerate and the e-

bands are doubly-degenerate. The X points for armchair

nanotubes refer to k ¼ ��=
ffiffiffi
3

p
ac�c and for zigzag tubes to

k ¼ ��=3ac�c: These dispersion curves clearly show the

crossing of the valence and conductions bands at the Fermi

energy, EF; for the (5,5) and (9,0) CNTs and the gap

between the bands at EF for the (10,0) CNT. The (5,5) and

(9,0) CNTs are considered zero-gap semiconductors that

exhibit metallic conduction at finite temperatures. It has

been shown that the density of electronic states near the
Fermi energy is finite for all metallic nanotubes, indepen-
dent of their diameter or chirality, and is zero for
semiconducting nanotubes. The density of states as a
function of energy also shows singular peaks at the valence
and conduction band edges, the so-called van Hove
singularities, reminiscent of 1D behavior in semiconductors
[13]. Because of these singularities in the density of states,
optical absorption is expected at frequencies resonant with
the energy separations of the van Hove peaks. Indeed, a
recent optical spectroscopy of more than 30 different
semiconducting nanotubes [12] promises to become an
exacting probe of composition of bulk nanotubes.

2. Photoabsorption in carbon nanotubes: Mechanical

rotation

The vibrational modes of carbon nanotubes have been
investigated by several workers and the phonon dispersion
energy curves have been calculated for a large number of

Fig. 1. A graphene honeycomb lattice showing the primitive vectors and the chiral and translation vectors. From Ref. [7].
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CNTs using the zone-folding method [8,13]. Of particular

interest are two optically-active infrared (IR) phonon

modes at !A2u
¼ 870 cm�1 and !E1u

¼ 1580 cm�1: Both of

the IR-active modes absorb photons and carry angular

momentum. Figure 4, gives the dipolar pattern of the

carbon atom displacements [14] in the doubly-degenerate

A2u phonon mode for a (10,10) CNT.
We have investigated the possibility of inducing ultrafast

asynchronous rotation in nanotubes by exciting this mode

with circularly polarized light [15] propagating along the

tube. We found that with realistic oscillator strength and

density of optical phonon modes, the IR-active phonons

can absorb angular momentum at a rate of _LLA2u
¼

h� _nn
þ
A2u

� 2:5� 10�29 Nm: The observed decay lifetime of

the A2u mode is roughly 2.2 ps, giving a steady-state

angular momentum of LA2u
¼ h� �nþA2u

¼ _LLA2u
!A2u

�

5:2� 10�41 Js: This angular momentum is transferred to

the tube following the two-acoustical phonon decay of the

A2u mode near the k ¼ 0 branch.

Upon calculating the tube’s principal moments of inertia
[16], the nanotubes are found to rotates with a frequency of
!rot � 28GHz: The centrifugal acceleration on the tube
surface is thus huge: a ¼ r!2

rot ¼ 0:5� 1012 m=s2 � 1011 g:
This value is 2–5 orders of magnitude larger than the
fastest centrifuges, but because the resulting force on each
C atom ðF � 13 meV= �AÞ is negligible compared with typical
molecular bond force of 1 eV= �A; the distortion of the tube
due to rotation is minimal. Because CNTs, even semi-
conducting ones, are far more polarizable along their axis,
than in the transverse direction [17], we proposed that an
asymmetric light-force trap could suspend a nanotube [18]
in vacuum, making it possible to spin it at these high
frequencies. We also investigated the mechanical stability
of the nanotube rotation by calculating the different
resonant whirl and flexural modes for rigid and non-rigid
rotations of the nanotube; it is encouraging that these
modes have excitation frequencies far below !rot: This
proof-of-concept study shows that nanotubes with their
particular mechanical and electrical properties could form
parts of nanoscopic motors, centrifuges or stabilizers.

3. Rydberg-like electronic states near nanotubes

Rydberg states are ubiquitous in atomic and molecular
physics [19]. Extreme Rydberg states of hydrogen and
heavier elements, Mg and Si for example, have been
detected in the solar atmosphere and in the interstellar

Fig. 2. The honeycomb nature of single-walled CNT. From an STM

measurements of Odom et al. [10].

Fig. 3. The calculated electronic band structure of several carbon nanotubes [8].

Fig. 4. Ir-active A2u phonon mode in (10,10) carbon nanotube at

!A2u
¼ 870 cm�1:
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medium [20,21]. The recombination of electrons and ions,

through radiative recombination or three-body collisions,

into highly-excited Rydberg states is an important

neutralization process in laboratory and astrophysical

plasmas [22]. The creation of cold antihydrogen atoms in

nested Penning traps [23] most likely proceeds through the

recombination of antiprotons and positrons into Rydberg

states. Advances in cooling techniques have led to creation

of ultracold neutral plasmas through the photoionization

of laser-cooled atoms [24]. Rydberg xenon atoms with

principal quantum numbers as high as n ¼ 60 and lifetimes

of hundreds of microseconds have been formed in the

expansion of a plasma [24]. Collisions between ultracold

neutral and Rydberg atoms in magneto-optical traps have

been predicted to form exotic classes of Rydberg

molecules dubbed ‘‘trilobite’’ and ‘‘butterfly’’ molecules

[25]. Lastly, Rydberg states of C60 have recently been

observed [26].
Rydberg electronic states have also been observed above

conducting surfaces. This is made possible by the attractive

interaction of an electron with its image charge. The

resulting interaction potential for an electron at a distance

z above a flat surface having a dielectric constant "; is:
VðzÞ ¼ �e2=4zð"� 1="þ 1Þ [31]. Because of the Coulomb

interaction, this potential supports an infinite number of

‘‘image states’’ that form the familiar Rydberg-series,

En ¼ �13:60=16n2ð"� 1="þ 1Þ2 eV; where n is the princi-

pal quantum number.
Femtosecond two-photon pump-probe spectroscopy of

electronic image states near Cu(100) surfaces has revealed

quantum beats due to the interference of different

eigencomponents in the resulting electronic wavepackets

above the surface [27]. The binding energies of these states

are roughly 15–40meV and their lifetimes are a few

picoseconds. More typical lifetimes are tens of femtose-

conds because above flat surfaces there is no angular

momentum to keep the electron away from the surface.

The collapse of these states into the surface is the primary

reason for their short lifetimes. Similar experiments

performed above molecular wires laid on surfaces [28],

nano-particles [26,29], and one- and two-dimensional

liquid He [30] demonstrate that extended image states are

common in nanoscopic systems. All of these experiments

on Rydberg states lead us to the question: are there

Rydberg-like electronic excitations of conducting carbon

nanotubes?
We have shown that conducting CNTs do indeed have

Rydberg-like excitations. These Rydberg states form

through the same physical mechanism as the Rydberg

states above flat conducting surfaces; that is, through the

electron’s attraction to its image charge [32]. However,

because an electron can have angular momentum about the

nanotube axis, a centrifugal barrier can form. The result is

that the electronic wavefunction is kept away from the

surface of the tube, dramatically increasing the lifetimes of

the states compared to their counterparts above flat

surfaces, see Fig. 5.
We begin by treating a perfectly conducting nanocylin-

der, where the induced scalar potential due to an external

charge q is found by requiring the total scalar potential to

vanish on the tube surface ð� ¼ aÞ :

�indð�; ’; zÞ ¼ �
2q

�

Xm¼þ1

m¼�1

ð1
0

dk cosðkzÞ expðim�Þ

�
ImðkaÞ

KmðkaÞ
Kmðk�0ÞKmðk�Þ: ð2Þ

We take the charge (the electron) to be located outside the
tube at the position ð�0; 0; 0Þ and ðImðxÞ;KmðxÞÞ are the
regular and irregular modified Bessel functions. The
electrostatic force between the electron and the conducting
cylinder is calculated by differentiating Eq. (2) with respect
to � :

Fð�0Þ ¼ �q@�ind=@�jð�0;0;0Þ

¼
2q2

�a2

ð1
0

dx A0ðxÞ þ 2
X1
m¼1

AmðxÞ

" #
;

AmðxÞ ¼
ImðxÞ

KmðxÞ
Kmðx�0=aÞxK

0
mðx�0=aÞ: ð3Þ

The potential energy Vð�0Þ ¼ �
Ð �0F ð�Þ d� can be calcu-

lated numerically from these expressions. Alternatively,
physical intuition can be gained by an asymptotic analysis
of the potential. The result,

Vð�0Þ 	
q2

a
li

a

�0

� �
� �

q2

a

1

ð�0=aÞ lnð�0=aÞ
; ð4Þ

is dominated by the m ¼ 0 term in Eq. (3) and is given in
terms of the logarithmic integral liðxÞ �

Ð x
0dt= lnðtÞ: This

long range behavior of the potential agrees with the
expectation that at large distances the result for the
conducting cylinder should lie somewhere between that of
a conducting plane ðV 	 �1=zÞ and a conducting sphere
ðV 	 �1=r2; where r is the radial distance).

The above expressions are valid for the case of a perfect
cylindrical conductor, but can be extended to a nanocy-
linder with a finite anisotropic dielectric tensor "ij: Most
carbon nanotubes have much smaller values of dielectric
constants in the transverse direction, that is
"xx ¼ "yy 
 "zz: We have extended the above derivation
to include an anisotropic dielectric function and have

Fig. 5. A visualization is shown of an electron in a tubular image state

around a (10,10) metallic carbon nanotube. From Ref. [32].
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found that as long as the dielectric function is large along
the tube, i.e. "zz"xx � 1; the interaction potential is
practically identical to the perfectly conducting case.
The total effective potential that an electron would ‘‘see’’

in front of a conducting nanotube is

Veff ð�Þ ¼ Vð�Þ þ
ðl2 � 1=4Þ

2m�2
; ð5Þ

where m is the mass of the electron. This potential for
different values of the angular momentum, is shown in Fig.
6 for a (10,10) carbon nanotube of radius a ¼ 0:68 nm: For
moderate angular momenta ðl >	 6Þ; the effective potential
possesses extremely long-range wells that support bound
states. The inset of Fig. 6 shows that high (1–2 eV)
potential barriers separate these wells from the tube
surface. Indeed, for angular momentum values of l < 6;
no long-range wells exist so that low angular momentum
states will exist close to the surface and have short lifetimes.
However, because the radial overlaps between the high
angular momentum and lower angular momentum states
are small (they are localized at different radial distances)
the decay of the high angular momentum states to ones
with lower angular momentum through spontaneous
radiative decay will be greatly suppressed.
The critical angular momentum, above which it is

expected that long-range potential wells form is given in
Fig. 7. The solid line identifies the demarcation between the
two cases and some of the more common CNTs are also
indicated in the figure. If the total wave function is written
as �n;l;kð�; ’; zÞ ¼  n;lð�Þ e

il’�kðzÞ=
ffiffiffiffiffiffiffiffi
2��

p
; the motion along

the tube separates out so that the total energy becomes
En;l;k ¼ En;l þ Ek: The longitudinal energy Ek is either
continuous ðEk ¼ k2=2Þ or quantized depending on
whether the electron is localized in the ẑz direction or
not—a possible scenario would be to create metallic-
semiconducting junctions by connecting different chirality
nanotubes end-to-end. It is worth mentioning that the
transverse energies, En;l; are no longer degenerate in l; as in
the case of hydrogen atoms, and scale as En;l 	 l�3 for fixed
n: Figure 8 shows the n ¼ 1 transverse wavefunctions
 n¼1;lð�Þ for the potentials of Fig. 6. It is clear that even for

moderate value of angular momentum, the electron is kept

substantially away from the nanotube (10–50 nm) surface,

with the distance of maximum probability scaling as l3:
The decay of these states through the collapse of the wave

function into the surface is highly suppressed, due to the

existence of large repulsive centrifugal barriers. The lifetimes

due to tunneling increase exponentially with l and are

substantially longer than those of image states above planar

surfaces. Interaction with holes in the nanotube and the

coupling of these states to the phononmodes in the tube can

reduce their lifetimes. These decay mechanisms can be

suppressed by operating at temperatures ðT < 10KÞ lower

than the transition energy between different image states.

Spontaneous radiative transitions between different states

also limit their lifetimes. The calculated lifetimes between

lf ¼ li � 1 are found to be 5–10ms and stimulated transi-

tions due to blackbody radiation cut these lifetimes to

probably hundreds of microseconds. Nevetheless, these

lifetimes are at least several orders of magnitude longer than

the image state lifetimes that have been observed to date.
Two likely mechanisms for forming these states are

inverse photoemission (radiative recombination) and

charge exchange with ultracold Rydberg atoms. The

former process favors low-energy recombination with rate

coefficients of �rr 	 10�13 � 10�12 cm3 s�1: In the latter

Fig. 6. The effective potential Veff ð�Þ between an electron and a

conducting nanotube as a function of the angular momentum, l: From

Ref. [32].

Fig. 7. The critical angular momentum needed to form the long-range

wells.

Fig. 8. The n ¼ 1 wave functions  n¼1;lð�Þ: From Ref. [32].
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approach, the cross section to capture electrons from
Rydberg atoms scales geometrically as n4: Both of these
methods are ideal for populating the high angular
momentum image states predicted here.

4. Electronic Rydberg states near parallel arrays of

nanotubes

To observe Rydberg image states around conducting
CNTs, nanotubes must be isolated from their surround-
ings. Such control of carbon nanotubes was demonstrated
recently by a group at NTT who grew single-wall CNTs
suspended from silicon pillars, etched by synchrotron
radiation [33], see Fig. 9. The suspended CNTs were
created in parallel arrays. This experiment raises also an
interesting question: how would slow electrons propagate
in such a lattice of conducting nanotubes?
Having derived the interaction of an electron with a

single nanotube, the interaction of an electron with
multiple, parallel nanotubes can be investigated. The
simplest case is to consider an electron nearing two parallel
nanotubes of radius a whose axes are separated at a fixed
distance. The total interaction potential VTðx; yÞ felt by the
electron is simply,

VT ¼ Vð�1Þ þ Vð�2Þ;

where �1 and �2 are the distances from the electron to the
center of the two tubes, and Vð�1Þ and Vð�2Þ are the
electron-nanotube interaction potentials. Because the 2D
Schroedinger equation does not separate in any coordinate
system, we chose to work in bipolar coordinates in which
the boundary conditions are easy to apply. By employing a
2D basis set of B-splines, we have obtained energy
eigenvalues and wavefunctions as a function of intertube
separation and find striking similarities to Born–Oppen-
heimer potential energy curves for molecules [34]. For
instance, we find gerade and ungerade states that exhibit
energy splitting as a function of intertube distance. Further
work will extend these ideas to the propagation of slow
electrons through periodic arrays of CNTs and the
formation of band structure in these arrays.
Interaction of charged particles and light with nano-

scopic systems, such as carbon nanotubes, are interesting
and may lead to surprising results and potential applica-

tions. We have demonstrated that it is possible to use
CNTs as nanomotor whose source of power is converted
from absorption of light energy and angular momentum.
Exotic electronic states should exist around CNTs with
robust and familiar atomic properties.
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