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[1] We present a comparison between WIND/SWE
observations (Kasper et al., 2006) of bkp and T?p/Tkp
(where bkp is the proton parallel beta and T?p and Tkp are
the perpendicular and parallel proton temperatures,
respectively; here parallel and perpendicular indicate
directions with respect to the ambient magnetic field) and
predictions of the Vlasov linear theory. In the slow solar
wind, the observed proton temperature anisotropy seems to
be constrained by oblique instabilities, by the mirror one
and the oblique fire hose, contrary to the results of the linear
theory which predicts a dominance of the proton cyclotron
instability and the parallel fire hose. The fast solar wind core
protons exhibit an anticorrelation between bkc and T?c/Tkc
(where bkc is the core proton parallel beta and T?c and Tkc
are the perpendicular and parallel core proton temperatures,
respectively) similar to that observed in the HELIOS data
(Marsch et al., 2004). Citation: Hellinger, P., P. Trávnı́ček,

J. C. Kasper, and A. J. Lazarus (2006), Solar wind proton

temperature anisotropy: Linear theory and WIND/SWE

observations, Geophys. Res. Lett., 33, L09101, doi:10.1029/

2006GL025925.

1. Introduction

[2] Thermalization due to Coulomb relaxation in the
solar wind is generally insufficient to account for
how closely particle distribution functions resemble to
Maxwellian ones. Departures from the Maxwellian particle
distribution functions are a possible source of free energy
for many different instabilities. As a feed-back, the insta-
bilities constrain the shape of particle distribution functions.
In this letter we investigate threshold conditions of insta-
bilities driven by proton temperature anisotropies:
[3] In the case of the proton temperature anisotropy

T?p > Tkp (for symbol definitions, see appendix A) the
relevant instabilities are the proton cyclotron [e.g., Gary et
al., 1994] and the mirror modes [e.g., Pokhotelov et al.,
2004, and references therein]. The approximate threshold
conditions gmax � 0 for the two instabilities may be fitted
by an analytic relation

T?p

Tkp
¼ 1þ a

bbkp
ð1Þ

where a and b are the fitted parameters. Samsonov et al.
[2001] give the following fitted parameters of equation (1)
for gmax = 10�3 wcp: a ’ 0.45 and b ’ 0.40 for the
proton cyclotron instability and a ’ 0.74 and b ’ 0.73
for the mirror instability. Activity associated with the
proton cyclotron instability has been reported in ACE
observations by Gary et al. [2001] in the fast solar wind
and in Wind observations by Kasper et al. [2003] in the
slow solar wind. However, in the fast solar wind the
proton distributions often contain a core and a beam
[Marsch et al., 1982] and in the HELIOS observations by
Marsch et al. [2004] the core protons in the fast solar
wind (vsw > 600 km/s) did not appear to be constrained
by the proton cyclotron threshold condition calculated for
the core protons (which are assumed bi-Maxwellian and
the proton beam population is neglected); however, the
whole proton core-beam distribution function may
become unstable with respect to the proton cyclotron
instability [Marsch, 1991].
[4] Marsch et al. [2004] showed that the core protons

exhibit an anticorrelation between anisotropy and beta in the
following form

T?c

Tkc
� a

bbkc
ð2Þ

with a ’ 1.16 and b ’ 0.55. This relation (constraint) is not
well understood. Also, the role of the mirror instability in
the slow solar wind remains unclear [Kasper et al., 2003].
[5] In the case of the proton temperature anisotropy

T?p < Tkp the relevant instabilities are the parallel fire hose
[Quest and Shapiro, 1996; Farrugia et al., 1998] and the
oblique fire hose [Hellinger and Matsumoto, 2000]. Gary et
al. [1998] showed that the approximate threshold conditions
for the parallel fire hose may be given in the same form as in
equation (1) but with a < 0: for gmax = 10�3 wcp they give
the values a ’ �0.66 and b ’ 0.56. The observations of
Kasper et al. [2002] demonstrated the existence of a limit to
T?p/Tkp due to the fire hose instability. However, that
investigation compared fluid and kinetic calculations of
the parallel fire hose, and did not consider the effect of
the oblique fire hose.
[6] In this letter we extend the work of Kasper et al.

[2002, 2003] by comparing the statistically large data set of
the Wind/SWE solar wind data from 1995–2001 with the
linear predictions for all four of the instabilities driven by
the proton temperature anisotropy. The letter is organized as
follows: in section 2 we briefly describe results of Vlasov
linear theory and we give new fitted threshold conditions for
the four instabilities. In section 3 we present the WIND/
SWE data in the case of the slow and fast solar wind and
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compare them with the predictions of the linear theory. In
section 4 we discuss the results.

2. Linear Theory

[7] In this section, we investigate the proton cyclotron,
mirror, and parallel and oblique fire hose instabilities in a
plasma consisting of protons and electrons. The plasma is
assumed weakly magnetized wpe/wce = 100, consisting of
Maxwellian electrons with be = 1 and bi-Maxwellian pro-
tons. We calculated the maximum growth rate of the four
instabilities in the region 0.01 < bkp < 30 and 0.1 <

T?p/Tkp < 10. The relation g = 10�3wcp was than fitted
for the four instabilities in the following, generalized form
of equation (1):

T?p

Tkp
¼ 1þ a

bkp � b0
� �b

ð3Þ

where a, b, and b0 are the fitted parameters. The results of
the fitting are summarized in Table 1. Table 1 gives the
triads a, b, b0 for the four instabilities. It shows that in the
case of the proton cyclotron and mirror instabilities
the approximation of equation (1) is reasonable: b0 � 0
and the fitted parameters a and b are similar to those of
Samsonov et al. [2001]. However, in the case of the fire
hose instabilities the inclusion of b0 term is important.

3. Observations

[8] Following Kasper et al. [2002], we use fitted data
from the two Faraday Cup instruments in the Solar Wind
Experiment (SWE) on the Wind spacecraft. WIND is a
rotating spacecraft with a spin-axis perpendicular to the
ecliptic plane and a period of three seconds. A Faraday Cup
is an energy/charge instrument with a large, conical field of
view which measures the current produced by particles
within a given energy window. The proton density and
the parallel and perpendicular proton temperatures are
obtained using a non-linear least-squares fitting of data to
a theoretical model assuming a bi-Maxwellian proton dis-
tribution function and the magnetic field direction obtained
from three-second measurements provided by the Magnetic
Field Investigation (MFI) on the Wind spacecraft. The
fitting procedure separates contributions of core protons
from alpha particles (and/or a proton beam) and gives a
good estimate of core proton parallel and perpendicular
temperatures accurate to approximately 8% [Kasper et al.,
2006].

3.1. Slow Solar Wind

[9] We start with the WIND/SWE data in the case of the
slow solar wind. The results of the period 1995–2001 are

given in Figure 1. Figure 1 shows a color scale plot of the
relative observation frequency of (bkp, T?p/Tkp) in the fitted
SWE data for the solar wind with vsw 
 600 km/s [cf.
Kasper et al., 2002, Figure 2]. Note that we assume that
there are no proton beam populations, setting bkc = bkp,
T?c = T?p and Tkc = Tkp. The (logarithmic) color scale is
given on the right. The overplotted curves show the con-
tours of the maximum growth rate gmax in the
corresponding plasma with Maxwellian electrons and bi-
Maxwellian protons with bkp and T?p/Tkp; other plasma
parameters are given in Table 1. Figure 1 (left) displays the
contours of gmax for the proton cyclotron instability (solid
curves) and the parallel fire hose (dashed curves) whereas
Figure 1 (right) displays the contours of gmax for the mirror
instability (dotted curves) and the oblique fire hose (dash-
dotted curves). The maximum growth rate is given in units
of wcp. Note that the two contours 10�3 and 10�2 of the
maximum growth rate for the oblique fire hose are indis-
tinguishable on this scale.
[10] Figure 1 shows that a majority of observations lies

outside the regions unstable with respect to the four insta-
bilities (for the used plasma parameters). It also indicate two
possible constraints for the higher bkp: one for T?p/Tkp > 1
and another for T?p/Tkp < 1 [cf. Kasper et al., 2006]. For
T?p > Tkp the apparent constraint is compatible with the
threshold condition for the mirror instability. The linear
predictions for parallel proton cyclotron instability does not
seem to constrain the observations. For T?p < Tkp the
constraint seems to be more compatible with the oblique
fire hose than with the parallel one, at least for bkp ^ 2.

3.2. Fast Solar Wind

[11] Now we continue with the WIND/SWE data in the
case of the fast solar wind. The results of the period 1995–
2001 are given in Figure 2 which has the same format as
Figure 1. Figure 2 shows a color scale plot of the relative

Table 1. Fitted Parameters for Equation (3) for the Approximate

Threshold Condition gmax = 10�3a

Instability a b b0
Proton cyclotron instability 0.43 0.42 �0.0004
Mirror instability 0.77 0.76 �0.016
Parallel fire hose �0.47 0.53 0.59
Oblique fire hose �1.4 1.0 �0.11

a0.01 
 bkp 
 30, 0.1 
 T?p/Tkp 
 10; be = 1, wpe/wce = 100.

Figure 1. A color scale plot of the relative frequency of
(bkp, T?p/Tkp) in the WIND/SWE data (1995–2001) for the
solar wind with vsw 
 600 km/s [cf. Kasper et al., 2002,
Figure 2]. The (logarithmic) color scale is show on the right.
The over plotted curves show the contours of the maximum
growth rate (in units of wcp) in the corresponding bi-
Maxwellian plasma (left) for the proton cyclotron instability
(solid curves) and the parallel fire hose (dashed curves) and
(right) for the mirror instability (dotted curves) and the
oblique fire hose (dash-dotted curves).
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frequency of (bkc, T?c/Tkc) in the fitted SWE data for the
solar wind with vsw > 600 km/s. The overplotted curves
show the contours of gmax in the corresponding plasma
with Maxwellian electrons and bi-Maxwellian protons with
bkp = bkc and T?p/Tkp = T?c/Tkc; the other plasma param-
eters are given in Table 1. Figure 2 (left) displays gmax for
the proton cyclotron instability (solid curves) and the
parallel fire hose (dashed curves), whereas Figure 2 (right)
displays gmax for the mirror instability (dotted curves) and
the oblique fire hose (dash-dotted curves). The dash-dot-
dot-dotted lines denote equation (2) between the parameters
T?c/Tkc and bkc of the core protons found in the HELIOS
data [Marsch et al., 2004].
[12] Similar to the case of the slow solar wind, Figure 2

shows that a majority of observations lies outside the
regions unstable with respect to the four instabilities (for
the used plasma parameters). The data shows a clear
anticorrelation between bkc and T?c/Tkc which is similar to
that observed by Marsch et al. [2004]. For T?c/Tkc > 1 the
observations seems to be only weakly constrained by the
mirror instability (but not by the proton cyclotron instabil-
ity) whereas the parallel proton fire hose may be responsible
for the constraint in the case of T?c/Tkc < 1.

4. Discussion

[13] We have presented a comparison between the statis-
tically large data set of the WIND/SWE Faraday Cup
observations [Kasper et al., 2006] of the proton parameters
bkc and T?c/Tkc and bkp and T?p/Tkp (assumed in the case of
the slow solar wind) and the predictions of the Vlasov linear
theory. The linear theory (for the plasma consisting of
Maxwellian electrons and bi-Maxwellian protons) predicts
four distinct instabilities: proton cyclotron, mirror, parallel
and oblique fire hose instabilities. Their approximate thresh-

old conditions may be given in the form of equation (3) with
the fitted parameters a, b and b0 shown in Table 1. The
parameter b0 in equation (3) is important only for the two
fire hose instabilities; for the proton cyclotron and mirror
instabilities we recover the previous results, equation (1) [cf.
Samsonov et al., 2001].
[14] In the slow solar wind, the observed proton temper-

ature anisotropy seems to be constrained by the oblique
instabilities (the mirror one and oblique fire hose). This
result is in contradiction with the results of the linear theory
which predicts that the proton cyclotron instability and of
the parallel fire hose would dominate for all but large proton
betas, bkp 10. The fast solar wind core protons exhibit an
anticorrelation between bkc and T?c/Tkc similar to that
observed in the HELIOS data [Marsch et al., 2004]. These
observations also indicate a possible constraining role of the
mirror and parallel fire hose instabilities. On the other hand,
the observations by Gary et al. [2001] show constraints
consistent with the proton cyclotron instability based on the
total proton parameters whereas we use the core proton
parameters [cf. Marsch et al., 2004].
[15] The disagreement between the predictions of the

linear theory and the observations could be related to the
assumed plasma composition and particle distribution
functions. Indeed, observed proton distribution functions
exhibit departures from the bi-Maxwellian distribution
function, especially in the fast solar wind [Marsch et
al., 1982]; also Marsch and Tu [2001] reported a quasi-
linear cyclotron plateau-like proton distribution function.
Moreover, for example a presence of non negligible
abundance of alpha particles (and other plasma parame-
ters as electron temperatures) influences all the four
instabilities [Dasso et al., 2003; Gary et al., 2003;
Hellinger and Trávnı́èek, 2006]. Another possible expla-
nation of the disagreement could be related to nonlinear
effects owing to the different linear and saturation prop-
erties of the instabilities. Hybrid simulations indicate
[McKean et al., 1992, 1994] that the mirror instability
is more robust than the proton cyclotron one. Similarly, in
the case of the competition between the parallel and
oblique fire hose instabilities the latter is more robust
than the former one [Hellinger and Matsumoto, 2001;
Hellinger et al., 2003]. The properties of proton temper-
ature anisotropies obviously depend on mechanisms
which drive them. Let us briefly discuss some of these
mechanisms: The solar wind expansion is expected to
drive Tkp > T?p (at least for a nearly radial magnetic
field). Numerical simulations [Hellinger et al., 2003;
Matteini et al., 2005] show that an ideal expansion could
drive the system relatively far inside the region unstable
with respect to the parallel fire hose instability and to
drive the oblique fire hose unstable. These may explain
the observation results we present in this letter (however,
these simulations assume non realistic expansion time
scales). A natural driving mechanism for generation of
T?p > Tkp (and T?c > Tkc) is the proton cyclotron
resonance with left-handed cyclotron waves [Hollweg
and Isenberg, 2002]. The cyclotron resonance heating
may lead to the anticorrelation, equation (2) [Marsch et
al., 2004]. Numerical simulations [Hellinger et al., 2005]
moreover show that the cyclotron resonance may drive
minor ions unstable with respect to the corresponding

Figure 2. A color scale plot of the relative frequency of
(bkc, T?c/Tkc) in the WIND/SWE data (1995–2001) for the
solar wind with vsw > 600 km/s. The color scale is show on
the right. The over plotted curves show the contours of the
maximum growth rate (in units of wcp) in the corresponding
plasma (left) for the proton cyclotron instability (solid
curves) and the parallel fire hose (dashed curves) and (right)
for the mirror instability (dotted curves) and the oblique fire
hose (dash-dotted curves). The dash-dot-dot-dotted lines
denote equation (2) between T?c/Tkc and bkc found in the
HELIOS data [Marsch et al., 2004].
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cyclotron instability. An equivalent effect may explain the
apparent disagreement between the observations and lin-
ear theory for protons.
[16] Further theoretical, simulation, and observation

work is needed to investigate role of different instabilities
in the solar wind. It is important to include more realistic
plasma compositions, a good description of the particle
distribution functions and identification of active instabil-
ities (e.g., in the magnetosheath context [Lacombe and
Belmont, 1995]).

Appendix A: Definitions

[17] We use subscripts ? and k to denote the directions
with respect to the ambient magnetic field B0 with B0 = jB0j
denoting its magnitude. Here T?p and Tkp are the
perpendicular and parallel proton temperatures (with respect
to B0), respectively, whereas T?c and Tkc denotes the
perpendicular and parallel temperatures of core protons.
respectively; Te denotes the (isotropic) electron temperature.
We define bkp = 2m0npkBTkp/B0

2, bkc = 2m0nckBTkc/B0
2 and

be = 2m0nekBTe/B0
2. The proton and electron cyclotron

frequency are wcp = eB0/mp and wce = eB0/me, respectively,
the electron plasma frequency is wpe = (ne2/me�0)

1/2. In these
expressions mp and me denote the electron and proton mass,
respectively, ne and np are the electron and proton number
densities, respectively, nc is the number density of core
protons, e is the proton charge, m0 and �0 stand for the
vacuum magnetic permeability and electric permittivity,
respectively, and kB is Boltzmann constant. Finally, we
denote the maximum grow rate gmax and the solar wind
velocity vsw.
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