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Abstract. Two quantitative measures for the anharmonicity of stellar cycles, as recorded in the Ca II

H and K chromospheric activity data as well as in simple dynamo models, are presented and discussed.

1. Introduction

A simple explanation of solar and stellar activity cycles in terms of dynamo theory
in a prescribed velocity field (the kinematic dynamo) results in harmonic activity
waves with amplitudes that grow exponentially in time. More realistic nonlinear
dynamos introduce some mechanism of dynamo quenching to obtain a steady ac-
tivity cycle with finite magnetic field strength. The temporal shape of the quenched
cycle can be quite far from harmonic. Moss et al. (2004) suggested that the level
of anharmonicity of a dynamo generated stellar cycle could be a useful source
of information for the dynamo governing parameters. The aim of this paper is to
present and discuss ways to quantify stellar activity cycles, as recorded in stellar
chromospheric activity data.

In the only program of its kind, the surface magnetic activity of over 3000 stars
is being monitored at the Mount Wilson Observatory as the HK-project (some
stars for as long as 38 yr). Surface magnetism can be inferred by proxy from the
fluxes of the singly-ionized calcium H (396.8 nm) and K (393.4 nm) emission
lines (Fawzy et al., 2002a,b), which on the Sun have been found to be excellent
indicators of magnetic activity. Increased magnetic field strength of, or coverage
by, magnetic surface features enhances the integrated Ca II flux. The integrated
response is approximately linear. Thus, despite the fact that the surfaces of other
sun-like stars are not resolved by even the largest telescopes, monitoring of the Ca II

flux yields the desired information on “starspots” and stellar surface magnetism
(Wilson, 1978; Baliunas et al., 1995).

The chromospheric activity data for four stars with different kinds of time be-
havior are shown in Figure 1.
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Figure 1. Ca II H and K chromospheric activity time series for four stars: (a) HD16160; (b) Sun;
(c) HD219834; (d) HD18256. Signals on the vertical axes are given in arbitrary units, common for
all stars presented.

2. Two Measures of Anharmonicity

A straightforward quantity related to the anharmonicity of stellar cycles is the ratio
of the second to the first Fourier harmonic (M2/M1) in the observed time series. The
values M2/M1 calculated for several HK-project stars by the conventional tools of
Fourier analysis are given in last column of Table I.

We appreciate however that the applicability of Fourier analysis to noisy signals
is rather limited. It is highly desirable for this purpose to use a more sophisticated
method such as a wavelet transform. Wavelets have become a common instrument
for analysis of time signals with a complicated structure (multiperiodic, non-stable
frequencies, noisy, multi-scale time features, etc). They provide an ability to identify
isolated periodic features in the signal, to follow the variability of the frequency
(period) of a cyclic process, to localize in time some short pulses, and to filter the
noise.

In our analysis we use the Morlet wavelet with an adjustable parameter, κ , which
can be fine-tuned to yield optimal resolutions of time and frequency:

ψ(t) = e−t2/2κ2
ei2π t . (1)

In this case, the resolutions of the wavelet for a given characteristic time-scale, T , are
δt = cκT , δω = c

κT , where c is a constant of order unity. Smaller values of κ give
better time resolution (δt), while larger values of κ improve frequency resolution
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TABLE I

Two measures of anharmonicity of stellar cycles (see text
for explanations) for various stars (“y” denotes a young star)
derived from recorded daily Ca II H and K time series of the
Mount Wilson HK Project.

Object Pc (Yr) A M2/M1

HD16160 12.3 1.0 0.02

HD146233 8 1.0 0.14

HD26913 (y) 5.8 1.0 0.17

HD160346 7.1 1.2 0.03

HD161239 5.1 1.3 0.02

HD10476 10.4 1.3 0.16

HD4628 8.5 1.4 0.02

Sun 11 1.5 0.03

HD81809 8.1 1.5 0.08

HD26965 (y) 10 1.5 0.18

HD103095 7.2 1.5 0.18

HD187691 8 1.7 0.08

HD219834B 16 1.7 0.15

HD20630 (y) 5.5 2.9 0.11

HD18256 (y) 7 3.8 0.27

(δω). A more sophisticated analysis of the wavelet plane can be performed using
again the wavelets themselves (the so-called Double Wavelet Analysis, or DWA,
introduced by Soon, Frick, and Baliunas (1999), Frick et al. (2004)) for the accurate
determination of stellar rotation periods. Here we propose to use DWA to quantify
the anharmonicity of stellar cycles.

The idea of the DWA determination of the rotation period can be illustrated
by analogy with a simple radio receiver. Consider a high-frequency signal (the
rotation frequency νr = 1/Pr ) which is modulated by the low frequency (the cycle
frequency νc = 1/Pc), where the ratio νr/νc is of order of 100. In the receiver,
the tuner can be used to find the particular high frequency at which the best low
frequency sound is obtained.

Let us incorporate this idea into the wavelet analysis. We start with the wavelet
transform of the signal f (t), giving the wavelet coefficients W1(a, t),

W1(a, t) = a−1/2
∫

f (t ′)�
(

t ′ − t

a

)
dt ′.

Using the Morlet wavelet with good spectral resolution (κ = 4) we get the wavelet
spectrum E1(a) = ∫ |W1(a, t)|2da, and look for periodicity on a long timescale
(i.e., stellar cycle), Pc. Then we take the second wavelet transform for each
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time-scale a using only one scale parameter, set to be Pc. Next, we consider the
modulus of the wavelet coefficients and determine

W2(a, t) = a−1/2
∫

|W1(a, t ′)|�
(

t ′ − t

Pc

)
dt ′.

Finally, we obtain the DWA spectrum

M(a) =
∫

|W2(a, t)|2 da.

Now consider a family of functions fn = [sin(2πνt)]2n , n = 1, 2, . . . , which tend
to series of pulses in the limit n → ∞. When n increases the spectrum calculated
with high κ reveals new multiple harmonics, while the spectrum for small κ smooths
all peaks and shows a flat shelf (the spectrum tends to be flat when the function
becomes pulse-like; see Figure 2).

The wavelet plane for κ = 4 (good frequency resolution) mainly consists of hor-
izontal lines because poor space resolution does not allow the resolution of isolated
pulses. In contrast, small values of κ provide good space resolution and clearly
resolve every pulse, giving the maximal value of M at the scale a corresponding to
the width of the pulse. Note that the integral power is independent of a. For large
a, the power is homogeneously distributed through the whole time range while at
small a it is concentrated near the pulses. As n becomes larger (narrower pulses),
these maxima are further from the scale of the period.

Figure 2. Test function for n = 2 (a) and n = 100 (b) and the corresponding spectra (c,d). Solid line
– κ = 4.0; dots – κ = 0.3; Intensities of the signal F in panels a,b as well as time τ in panels a–c are
given in arbitrary units, and the unit of M is based on the units of F and τ .
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TABLE II

Anharmonicity for test signals.

Signal sin2 t sin4 t sin10 t sin20 t sin200 t

A 1.05 1.49 1.60 1.83 3.92

M2/M1 0.0 0.06 0.29 0.49 0.97

Thus the goal is to find the scale a∗ in the DWA spectrum which gives the
maximal power at the scale which corresponds to the activity cycle length Pc. The
ratio A = Pc/a∗ is the characteristic of “anharmonicity” in the sense of power
concentration inside the period of the cycle. We calculate the value A for the stars
listed in Table I. Values of A for the synthetic test signals are given in Table II.

Comparing Tables I and II we conclude that stellar activity cycles, for some stars
at least, demonstrate quite anharmonic behavior with A as high as 4.

3. Anharmonicity of Dynamo Waves

It is attractive to compare the above quantification of anharmonicity from both
observational and test data with theoretical predictions concerning stellar dynamo
waves. Keeping in mind the exploratory level of our investigation, we restrict our-
self here to the simplest illustrative model for stellar dynamos (the Parker migra-
tory dynamo). In the framework of this model, the evolution of the axisymmetric
azimuthal components for magnetic field B, and the vector potential A of the
poloidal field are considered. Both values are to be considered as averages with
respect to radius over the convective zone. Then the mean-field dynamo equations
give

∂ B

∂t
= D sin θ

∂ A

∂θ
+ ∂2 B

∂θ2
− µ2 B, (2)

∂ A

∂t
= αB + ∂2 A

∂θ2
− µ2 A. (3)

Here θ is colatitude (θ = 0◦, 180◦ are poles) and D is the conventional dynamo
number, giving the intensity of dynamo action, i.e., the product of differential
rotation and α-effect. We take into account a radial shear of angular velocity only
and suppose it to be homogeneous, and a simple parametrization α = cos θ/(1+B2)
is assumed. µ describes the thickness of the convective zone (smaller values of µ

correspond to thicker zones), with µ = 3 approximately corresponding to the solar
case. We use negative values of D which provide equatorward propagation of
dynamo waves.

Moss et al. (2004) investigated numerically Equations (2) and (3) for large (and
negative) values of D, 103 ≤ |D| ≤ 106 and various 0 ≤ µ ≤ 10 (see Moss et al.
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for more details concerning the model). Some typical model time series are shown
in Figure 3. We calculate the above anharmonicity measures for these solutions
taken at some arbitrary spatial point (Table III).

Comparing Tables I and III, we conclude that the anharmonicity range obtained
from the observational data is reasonably close to that from our simple dynamo
models.

TABLE III

Anharmonicity measures for the Parker migratory dynamo (D� = −103 and µ� = 3). The
first entry (left) in each main box is A, the second (right) is M2/M1.

µ/µ�

D/D� 0 0.1 0.5 1.0 2.0.

0.1 Decays Decays Decays Decays Decays

0.3 1.48/0.05 1.13/0.04 0.93/0.01 Decays Decays

1 1.58/0.11 1.53/0.08 1.51/0.06 1.1/0.001 Decays

10 1.56/0.16 1.59/0.2 1.62/0.25 1.49/0.002 0.94/0.001

100 1.5/0.18 1.56/0.16 1.84/0.36 1.67/0.6 0.96/0.003

1000 1.57/0.21 1.58/0.15 5.1/1.2 Aperiodic 0.9/0.01

Figure 3. Time series from numerical simulations of the Parker migratory dynamo model: (a) D =
−103, µ = 3; (b) D = −105, µ = 3; (c) D = −105, µ = 1.5; (d) D = −106, µ = 1.5. The magnetic
field on the vertical axes is given in units of the equipartition field strength, and the time T is given
in units of the diffusion time.
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4. Conclusions

We have presented two quantitative measures for the anharmonicity of stellar activ-
ity cycles, i.e., M2/M1 based on Fourier analysis and A based on wavelet analysis.
According to the existing experience in spectral analysis of noisy signals, the value
A is expected to be more robust with respect to the various uncertainties which ob-
viously contribute significantly to the observational data. We stress the exploratory
nature of our attempt to address the anharmonicity of stellar cycles in a quantitative
manner. Note, however, that the first quantitative data, as presented above, are in
reasonable correspondence to the theoretical expectations. We suggest that further
developments of these ideas can contribute to both quantitative assessment of, and
theoretical understanding of the nature and degree of nonlinearity present in, stellar
dynamos.
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